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PREFACE. 



The following collection of Exebcises in Algebra is intended 
as a Supplement to the Algebba of Chambebs's Educational 
CouBSE, and is arranged in sections corresponding to those of 
that work. The Answers to all the Questions are given, and also 
such extensive hints for the solution of the more difficult Exercises, 
as wiU render the work convenient to Teachers, and useful to 
private Students. In arranging the Exercises, great care has 
been taken to place them as much as possible in the order of 
difficulty, so that the Student may be able to solve them hj his 
own effi)rts. It will not be necessary to take all the sections 
in the exact order in which they are arranged ; and Teachers may 
find it advantageous to direct the Pupil's attention to the section 
of Equations beginning on page 40, before he has gone through 
all the previous sections. 

J. PEYDE, F.£lS. . 
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EXERCISES U ALGEBRA, 

WITH THE 15SWEBS. 



KUMEBICAL EYALUATIQN OF ALaEBRAIG EXPRESSIONS. 

If a = 2, 6 = 3, c = 4, (/ = 5, find the numerical ralue of the 
following algebraic expressions : — 

1. a + 5 + c + 4d; and 3Gf + 4» -f 2c -- 4 

2. 2a + 36 — c, and 66 + 6c — 4d; 

8. a? + oft -f 6«, and (i»- oft -f 6", 

4. 4a*4. 4a6 + »•, and 4fl?- 4a6 + 6*, . 

5. {d -h hXd- 6), and (<i-ay-ti, . 

6. fl? + 2ac + c*, and a*—2ae + <?, 
. 7. (a + 6 + cXo + 6 - cXa - 6 + c), 

B. aV 4- 2ii6c +c»,and c^6«— 2a6c + A 

9. aSc + hc(d — 6), and a6c — ab(d — c), 

10. a*6c + 6c(fl?— c), and a*6c + hc^c? + c), 

If a = 4, 6 = 8, c = 8, <^ = 2, and x = 6, find tiie nnmeiical 
Yalne of the following algebraic expressions : — 

11. Sa +fi6 + c + 2c<fc - aid; 

12. 4ac — Sdx + Bacd — a(b -- c), . . 

13. d»(6- cd) + c»(x - c) - dXx - a), 

14. (a + 6Xa-rf) + (a:"C)«-ai(6-c), . 
,ir ^+ 8c . , - , . 5a — 6 — c 

1«. {8*4- <« - d) + (« + cXa~c)K6 -- a)», 
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/ '.^ EXERGISS8 IN ALGEBRA. 

17. {5(a + a:) - 3c(a - rfX^ + «?)}{« - (c - rf)}, = - 136. 

18. am(<^ + rf« + a« - a:«) + VaH , . = 24. 

19. V5i^+ -^25aft(fc - ^^^t4-, . . . = 38. 

a: 4" fl* 

20. {oft + erf — cm:} {3a + ex + 6a; — c}*, , . = 72. 

2a + 2rf "^ * + c4-<^ 2c + 3rf '"" '^^ 



ADDITION. 

CASE I. 

Add together 

1. 2a, 3a, 5a, 4a, and 7a, == 21a. 

2. 3a&, Bab, ah, 6a&, and llaft, . . . = 2%ab. 

3. 4a5c, 3a5c, 5a&c, 7a6c, and 12a5c, . . . = 31a^. 

4. — 2ac, — 4ac, — 7ac, — 3ac, and — 8ae, . = — 24ac. 

6. — 3c(a — x), — 4c(a — x), — 7c(a — a?), — 8c(a —a:), and 
— 10c(a — a;), =— 32c(a— x). 

6. l^act^Xy 15acVar, 12acV^> lOacVar, and 20aci^x, 

= IZaon/x. 

7. 2Va — af> 6V« — *> 7^^ ^ ^f* 10*Ja — x, and 8V« — ar, 

= 82Va- Jf« 



8. 
and 



5. 8ac(a« - a:«)», 6ac(a» - x^\ 4.ac(a^ - x^, 10ae(a« - a:»)», 
14ac(a* - a:*)*, = 36ac(a» — a^. 

9. 4x + 8y, 7x + 4y, 5x + 2y, Zx + 7y, and 9x + lOy, 

= 28x + 26y; 

10. 10a5 — 2ed; Bab -^ ^cd, Bab — 7cd; Bab — lOcd; and 8o( 
- 4c</, . . = 84a6 - 27crf. 

11. 6ac — d; 3ac — 7d; 8ae — id, 3ac — Bd, and 8ac — 12d; 

= 27ac - SOct 

12. 8a« - aft + 6fi», 40* - lOaft + Sb\ 7a« - 2ah + h\ and 
3^-.6a6 + 76«, = 17a^ - 18a6 + 16i«. 

18. 4a« + Sox + 7x«, 3a« + 7ax + 4x», 13c? + 22ar + a:*, ^ml 
7a« + 8x», = 27o«+82ax + 15ac". 
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ADDITION. 3 

.: U.Sa^ + ^+7f, Gj:* + 6xy + 8y», 2x« + 8iry + V> and 
«* + 6xy, = 12j:» + 2ixy + 19/. 

' 16. 4jf» - 8xy + 2y», 6j:« - Tay + 6/, 7*» ~ 6ary + 9/, and 
.^ 4- 7j^, ^ = 17ar» - 16ay + 24/. 



CASS II. 

Add together 

1. 3a, 7a, — 4a, — 3a, + 6a, . . . . = 8a. 

2. 4ac, 7ac, 6ac, — 6ac, — 2ac^ . . . = 8ac, 

& 7a6z, Sabx, — Babxj — Mfx, — 2a&2^ • . = — 3a5x. 

4. 3a<a — c), 6x(a — c), — 3x(a — c), — 10a<a — c), 4a<a — c), 

= — x(a — c). 

6. 7a(x - y)», - 6a(ar - y)*, 8a(a: - y)*, 6a(x - y)», 
~8a(x-y)*, =18a(x - y)*. 

6. 3ac(o* - a;«)», - 6ac(a« - x^i, 7ac(<^ - a;«)», and 

— 2ac(a^ -«')*, = 3ac(a« - x»)*. 

7. 10o6 - icd, Sab + 2cd, - 6a6 + 7cd, and 12a6 - 9cd, 

= 19a6 - 4crf. 

8. 6ac — 4 4ac + 3J, 6ac — 7d^ 4ac + 2d, and — 6ac + </, 

= 14ac - 2d: 

9. a« + aft + 6«, 3a« - 6a6 + 46«, M + I2ab - 96*, and 
8a« - 7a6 + 26», = 16o* + aft - 2ft». 

10. at* + 2x + 4, 7:r» + 4x - 9, 8x« - 12a: - 4, and 
ai» - 7ar - 2, = 21ar» - 18* - 11. 

11. To*- 4aftr + 2ftV, 6a« + 8aftr - 4ftV, and - 8a' - 7aftx 
+ 3AV, = 6a» - 8aftar + ft V. 

12. a* - ic^x + Jaa* - |a:», and a» + ^a^x + Jar* + fc*, 

= 2o* - ia'^x + -tVm* + A^- 

13. j^ - lla:+ 7, 6a« + X - 9, 4x« + 3x + 6, and - 4a:* + 3x 
-h9', = 6a:* - 4a: + 12. 

14. a:» + (o - ft>* + 6af, 14a:» ^ 3(a - ft)a:* - 2x, and - 6a:* 
+ 7(a - ft>* - X, . . . . = lOx* + 6(o - ft)x* + 2x. 

16. a* + 2x*y - 4ay* + 6y*, 7a:* - 12a:*y + 16a/ — 13/, 

— 4a:* + 6a:*y - 7ay* + 9/, and - 2a:* + Hary - 12x/ + 3/, 

= 2j:» + 6a:*y-8a/H-4/. 

16. aXx' - 2aa:)* + 7x*, S<^(3^ - 2aa:)* - llx*, and 
4a*(x* - 2ax^ - a:*, . . . = 8a*(a:* - 2ar> - 6x*. 
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4 BXEBCUSB IN ALGBBRA. 

CASE III. 

Addtogetiier 

1. 806, - 7^ ea4 - 4g, - 2a6, + 36c, 7c, and tah, 

= 9ci6-46e+Sc. 

2. A^ac^ Bad, the, — 2ad, 4:bc, — 2ac, and 8ad; 

= 2ac + 6af + U6c 

a So'^ - 2bd, 4:bd - 86c, — 2a*6, and 86(2 - 6c, 

= d»6 + 56^-46c. 

4. 8a + ar, 4a + 86 + 2c, and 2a ~ 46 — c^ 

5. 4a^ + 5x, — Sa^ — 8r + y» «nd rf — 2«, 

= a*y + 2x + y + J-2e. 

6. 4a + 86 + 2c, 4a - 186 + 4y, and - 8a + & + Sx, 

= 6a — 96 + 2c H- 45r + Sar. 

7. Sfl? + 5ac - 26«, - 2a» - 4a6 - 6», and 6a» - 4ac + 7a6, 

= 6a» + oc + 8a6 - 36». 

8. a? 4- aa: + a:*, Ba* — 4aar + 2a?, and a* 4- a* + a + a:, 

= 6a* - Boa: 4- 4a:* + a + a:. 

9. Sa* + 4Vx, 6a - 2Vx, 60" + 12, and 6 + 8 V^: + 7, 

= So* + 6a + 6 Var + 19 + 6. 

10. 4a + 6 - ^a - x), 8a + 76 - 3c, 36 + 7(a - x) + 9c — ^, 
4(a — x) — 2a + 7, and a + 2(a — ar) + 6 + c - 3, 

= 6a + 126 + 10(a - x) + 7c - 4. 

11. ox* + 6x — 8c, 4aa? — cy + 2rf, 86x + 2cy + 6c, 8cy + 7c 
— 64 and 4ax* + 86x + cy + rf - 4c, 

= 9ax* + 76x + 6c + 6cy - 2d. 

12. Bxy + 4rc- rf) + 5(p + q), 8x + 2(c - rf) - 40? + q\ 
6a:y - 7x + 7(c — rf) + €0> + ?), 8y - 2x - 6(p + y), and 
7ay+y + 0) + 9), 

= 16ay + 13(c - rf) + 80> + fi-) - 6x + 4j;. 
18. x+y + «,« + y-a^ar— y + a^and — x+y + a, 

=r2x + %+2». 

14. x«+/ + ««,x» + 2xy + y» + ««,a!id-x«+5l«-2y» + «*, 

ssx* + 2jy + 8/ ~ 2y2r+8««. 

16. 2a6 + 86c — 2a + 6,8ac + 26 — a,and4(/+6a— a6 +6c, 
r=8ac + a6 + 46e + 8a+S6 + 4d: 
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SUBTRACTION. 

1. From 2a +35 — 5c, take a^2b — Sc, = a + 66 — 2c 

2. <r 5a — 86 + 4c - d; take 8a - 76 + 2c + 74 

= 2« + 46 + 2c-8d: 

8. <r «<?-2a6+6'-8c*,takea*-6a6 +86'-.2c», 

= 2a*+8a6-26^-c», 

4. «r 5fB_afi+|> + 8, take m + 4n — 8p + 12, 

= 4iii — 7n + ^ — 9. 

6. <» 4fi^- Glim + n* + 7, take 2iiiP + 4nin + 6i^ + 4, 

= 2in* — lOmn — 5ii« + 3. 

6. «» 7x — 8aVcr — 6c + d, takie 8a: — 7aVca: — 4c + Sdi 

= 4x + iaf^cx — c — 4dl 

7. «» 7a:»+ 2a* - 6x -f 4, take 6a:» + 6a* - 2r - 6, 

= 2a* - 4a* - 8a: + 10. 

8. <r ea:*— 10ay + 6y»-7, take4a*~8ay + 4^ — 9, 

= a*-2ay+y» + 2. 

9. «p 3a^-8a^+y«+8d;takea*y + 2a3^ + V + 4^ 

= 2j*y - 6a3^ - 2y - (i: 

10. «» 12x — 5d + 46 + 8a,take2a:-8a + 86+7c, 

= 10a: + 6a - 46 - 7c - Srf. 

11. IT 8a* + 4a* - sy + 4^^, take a* - 8x« - Sy + 65/*, 

= 2a* + 7a* + 8/-5^, 

12. » 7a^ - 7aV + 4ay» - 4c», take o» - 2fl?y + 5a/, 

= 6a» - 6aV - ay» - 4c«. 

18. # oa* + 26a: + ac», take 6a» - cr + 26<*, 

= (a - 6)a* + (26 + c)x + (a - 26>*. 

14. w 8a* + 4aa: + 7a«, take at* - 86a: + 66«, 

= 2a* +(4a + 36> + 7a» ^66». 

16. n 8(a: + y)* + 2<a:+y)«-8a«(a:+y)» + 6a»(a:+y) 
+ 8a*, take 2(x +yy- 8<a: + y)» + 2a«(a: + y)« + a»(a: + y) 
-2a*, 

= (« + y)* + K* + y)' - 5a'(a: + y)' + 6«"(« + y) + 6<«*. 
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6 EXEBCISSS IV ALGEBRA. 

16. Prom 5a(x' + f) - b(3^ - f) + 4c«, take Sa(3^ + f) 
-ZK^-f), . . . =2a(x2+/) + 26(21* -y') + 4c< 

17. From 6a cj^x' — y» + Skyai' + f, tak e Zacs/IF^^^ 
-46cVa:*+y', ... • = 2ac Va:* - y* + 7 6c V^:* + /. 

18. From 3a(a' — 2aa:)» + 3c(a:» + 2oar)*, take a(o* — 2aa:)* 
.- 6c(ar» + 2flur)*, . . . = 2a(a* - 2aa:)* + 8c(a:* + 2flu-)*. 

; Express the following without brackets : — 

1. 2a + 36 - 4c + (3a - 26 + 3c) - (2a + 36), 

= 3a — 26 — c. 

2. 6a6 H- (3ac - 46c) - (2a6 - 2ac + 36c — «)» 

= 3a6 + 6ac — 76c + 6. 

♦ 3. 7x» H- 3a:*a - (6xa« + ^o^ - (4x» - 4^a + 3a"),. 

= 3a:» + 7 A - 5xa* - 7a». 
4. 3ac - (a6 + rf) + {^ac + rf - (2a6 - 4d)}, 

= 7ac — 3a6 + 4 J. 

6. X* - (a:» + 3a:»a + 3xa« + o») - (x» - 4a"), 

= X* - 2a:" - 8 A - 3a:a« + 3a". 

6. a:"-(fly + y»)--{aa:*-3ay-(2/-o«)}, 

= a;" + 2ay + y* - oar* — a*. 

7. z* 4- 4a:" + 6a:* + 4ar H- 1 - {2x» - 2a:* - (4x - 4)}, 

= a:* 4- 2a:" + 8a:* + 8a: — 8. 

8. 3a - (46 - 3c + 2rf) - {a - (26 - 4c + 8(0} - 6a, 

= — 3a-- 26 — c + dl 

9. (5a*-8aar + a:*)~{4a*+5aa:-(3a*-7aa: + 6a;*)}-7a:», 

= 4a* — 16aa: — a:*. 

10. 7a» - (6a*x + 3aa;* - 7a:") - {8a" - 4a*a: - (7aa;* - 3a:")}, 

= — a" — a*x + ^o^ + 4x*. 

11. 10a:" - (4a:*y - 7a3f* -h V) - {6x" + 6a:*y - (Sa^^- V)), 

= 4a:" - 9a^ + 16ay*- 13y*. 

12. 3a« - 9aa: + 4a:* - (a* + 2aa: - a:*) - (- 7ar + 3a:*), 

= 2a* — 4aa: + 2x*. 
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MULTIPLICATIOir. 

CASES I. II. AND III. 

1. Multiply Sab by 2cx, Sac by Zdt/y and iad by 2cxy 

= 6abcx, 15acdt/j and Sacdx, 

2. » 4a5x by Bad^ 76c by Sac?, and 7ac by 6x^ 

= 12a*bdxj 21abcd, and 7a6cr. 

8. « 7a6 by — 6a, iac by — 2ac, and 36c by — 2cx, 

= - i2a% - 8a*c*, and - 66cV. 

4, <r — 6a6 by 2ac, — 7ax by 6ac, and — 3aa: by iad, 
= — 12o*6c, — 36a*cr, and — 12a*cfc. 

6. • — 7a-6 by 3a6', — 8a*c by c\ and 3aV by — 2a», 
= - 21a»6», — 3a*c*x, and - 6a*r*. 

6. » Soar* by — 3ac*, — 2pn by — 3cn, and iax by 7cx', 

= — 16a'c*ar*, 4- 6cn'/>, and 28ac3^. 

7. «r 4m7i by — 7am', 3acx by 4a6, and ScV by 4a*c, 

= — 28ain»n, 12a*6cj:, and 32aVx'. 

8. » 6a6ca: by — 7a'cx*, and — IBs^i/ by — 12ay, 

= - 35a»6cV, and 216aa:y. 

9. » — 14a'a:y by — 7aa:^, and — 24aM by 9a6a:*, 

= 98aV/, and - 216a«6*di*. 

10. t loa%^y by — Baz'y, and — 4ac*a: by — 7a*6j;*, 

. = - 90a»6V/, and 28a»6c*x». 

CASE IV. 

1. Multiply a + 6 by a, and a + 6 by 6, 

^ c? '{' ab, and ah + 6*. 

2. n 2a + ar by 3a^, and 2a + 4jr by 3ar, 

= M 4- 3a*a:, and Mx + 12ax*, 

3. f 4ac — 3ax by 7a2r, and 5a6 + 4c by — 3ac, 

= 28a*ca: ~ 21aV, and — 15a*6c — 12ac-. 

4. . ft 3o6 — 2cr by 4 he, and 7a'c — 4ac' by 7acr, 

= 12a6*c — 86c*a:, and 49aVx - 28aVa:. 
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EXEROISES IN ALGSBRA. 

5. Multiply 6a*6 — lacx by 2a6c, and 13a*y + 46^ by oJy, 

= 10a»6*c - 14a»6c*ar, and 13aV + 4a6y. 

6. » 13acy — 4x by Za^xy^ and — Hoy + 4aa? by 7ctry, 

= 39a?ary - 12a»a:Vy and - 77oV + 28a«a:^. 

7. 'I' 16a*j? — 66'y by 9a6y, and 2acr — 3ay by — 4aar, 

= 136a»63y - 45a6y, and — 8a?'ca:* + 12fl?'a:y. 

8. » 3ac + 4a6 + 7ftc 4- 6a6c by 3a5c, 

= 9a«6c2 + 12a^6*c + 21a6V + 18a*6V. 

9. «r 140*6 - 3a»c - 26V + 46V by - 8a6c», 

= - 112a»6V + 24a»6c» + 16a6V- 32a6V. 

la • 13a H- 146 - 15c - 16rf + c by 6 a6c, 

= 65a?6c + 70a6*c — 75a6c* — 80a6ccf + 5a6ce. 

11. tr \hax — I46y + 136x — Way by — 4a6ary, 

= - 60a*6a:^ + 66a62a^ - 52a6Vy + Uc?hxf, 

12. IT 4a»6c - Zab^d + 76c2J - Ucd^ by 3a6cd; 

= I2a»6Vd - 9aVcrf2 + 21a6Vrf»- 24a6«c«rf». 

13. .» llrf'x*- 46»ar + Say- 36^ by - 4a»6a:^, 

= -. 44a*6x*y + 16a''6Vy - 20a*6x2y*+ Uo^h'x'y^. 

14. if - 6aVy + 4axy - 7a«ay by — 9a*xy, 

= 54aV/ - 36aVy» + 63a*ary . 
16. f hah - 7bc + Bed - 12acf by 12a6cd; 

= 60a»6'cd - 84a6Vrf + 96060*^2 -144a'6crf«. 
16. /» 4ay - dx'z' -f 6/«* — 6xyz by 7a^5r, 

= 28xy« - 21a;V + 42ay«» - 350^2^ 



1. Multiply 2a + 26 by a + 2c, = 2a« + 2a6 + 4ac + 46c. 

2. i 3aa: H- 6tty + 7a« by 4a + 36, 

= 120*3; + 24a*y + 28a*« + 9a6a: + 18063^ + 21a6«. 

3. If ^€?x^ H- 802^ + 4y* by 2ar + 2y, 

= 8aV + 24aVy + 24aary* + 8/. 

4. » 2aV - 4aa:ar + 22* by 3aar - 3«> 

= Ms* — 18aV« + 18aa:2* - 6«». 

6. r 3a*6* - 6a6c 4- 8c* by 5a6 - 5c, 

= 16a»6> - 45a*6*c + 45a6c*- 15c». 
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XmLTIFUOATIOXr. 9 

7. » 6«y + 10aay» + 6i*by7ar+75f», 

= 36a*a;» + lOSAy + 105aay* + 86y«. 

8. • 7a»a5>-14a6ay + 75yb7ar-5y, 

= 7a"a;» - 21aV6y + 21ar6y - 76y. 

9. -r a;» + 2a:« + 2a: + lbya:* + 2x + l, 

= a:» 4. 4x* + 7a;» + 7a:" + 4ar + 1. 

10. " 8ar»-f 7a:"-6x + lby2ar* — Sx + 2, 

= Cos* +6** - 26a:» -h31j*- lar +2. 

IL • 8a:»-2ay + 4^lv'-7xy + 3^, 

= ax* - 230:^ + 27xy - 34xy» + IV- 

12. » ai»-4a**+7a»r + 9a*b3r2x» + 3ax-4a", 

= 16a:»-h 16ai* - 30a"a;» + 56a»x« - tf*x- 8€a». 

18. -r x» + x^4-ary«+3^I>ya:'-2xy+y*, 

= a:* — xV — V+y*' 
14. • a* + xhf + xf-{-^hj3^ + 2a:y+f, 

= x» + 3xV + 4xy 4- 4xy + 8xy* -f y*. 

16. «^ a:*4-a*y4-ay' + ^byx*-xy+y', 

16. » a:* + a:^ + ay+y*byx'4-xy + 5f», 

= x» + 2xV + 3xy + 3x»y» + 2xy* + y*. 

17. » x* 4- ox* — 5x — c by X* — ox — 6, 

s= ar» -. (a? + 2&)x» - ex* + (ac + y> + Be. 

18. » X* — ax*+ 5x — c by x* — ax 4- 6, 

= x'^2ax* + (<^ + 2J)x» - (2(26 4-c)x* + (« + ft*)* — 5c. 

19. Multiply x* — ax*+ 5x — cbyx* + ax + 6, 

= X* 4- (26 - a'y- cj»+ (6* - ac> — Jc. 

20. • 1 + i^ + ia;« + iar* by 1 4- ia: + ia:*, 

= 1 4- x + ^x« + |x» + ix* 4- A^!*. 

21 IT l+fB + ix* + A^byl-Jx-f4j:», 

22. • 1 4- 2* + ^a:* + 8x» by 1 + 4ar 4- 6x«, 

= 1 4. 6x 4- 17x» + 34x» 4- 52x* 4- 40x». 
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10 EXERCISES IN ALGEBRA. 

23. Multiply 9 + 7a: + Sjc* + 3a^ by 4 + 6ar - 6a:», 

= 36 + 73a; + «« - 6a;' - 15x* - 18x». 

24. » o* + 6* + c* — a6 — oc — 6c by a + 6 + c^ 

= a» + 6» + c» - 3a5e. 

25. i» X'\-y + 3?'-f\)yx-'y + x^-\'f, 

= a:* + 2a;» + a;* -y» + 2^ - /. 

26. » a + 26 + 3c by a H- 6 H- c, 

= a« + 26«4. 3c* + 3a6 4- 4ac + 66c. 

Find the product of 

27. (a'{'x)X(a-\- 2x) X (a + 3ar) X (a + 4x), 

= o* + lOa'a: + 35aV -f 60aa;» + 24ir«. 

28. (2a + a:) X (3a + 2x) X (4a + Sar) X (6a + 4ar), 

= 120a* + 326a»x + 329aV + 146aa;» + 24x«. 

29. (a^-\-aX'\-x^)X(c? — ax'irt^)x(a-\- x), 

= a* + a*x + a»a;2 -I- aV + «:* + **• 

. 30. (a* + oar + arO X (a'— oar 4- a:*) X (a - a;), 

= o* — a*a; + a^x^ — oV + or* — a:*. 

31. (a™ 4- ar^X*^'" — :k*X«" — ^"X«" + ^)» 

32. (a* + 1 + a"*)(a" - 1 + «"'X« + a'^), 

= a* + a» + a + a"* + o"' + «"*. 

33. (a;* + «• + J^ + a: + IX* - 1 X^? + iXa; + 2), 

= a:' + 3:c« 4- 2a:* — a;* — 3ar — 2. 

34. (1 H- x-» + x-«)(l - a:-* + ar'^Xl - 2a:-» + a:"^, 

= 1 - 2a:-» + 2a;-' - 2x-^ + 2x-* - 2z-» + x'^. 

35. (2a: + 4yX3a: + 6yX4a: + 6y)(2x - 4y)(3x - 5y), 

= 144a:» + 216xV - 976a:»/ - H64aY + 1600xj^* + 2400y». 

36. (a 4- 6 + c-rfX« + 6- c + dXa - 6 4- c 4- «?X-- « + * 
4-c4-rf), 

= {(« + 6)4-(c-cf)}{(a4-6)-(c-rf)}{(c4-rf) + (a-6)} 

{(c4-cf)-(a-6)} 

= {(a 4- 6)* - (c - rf)«}{(c 4- rf)» - (a - 6)*} 

= (a 4- 6)»(c 4- rf)* - (a* - hy - (c* - rf«)' 4- (a - 6)«(c - df 

= - o* - 6* - c* - d* + 2a«6« 4- 2aV 4- 2oV« 4- 26V 4- 26V 

4-2c»<?«4-8«icd^ 



Digiti: 



ized by Google 



DIVISI N. 

CASES I. II. AND III. 

1. IMyide Sabc by 2xy, Qac by 2bx, and icuey by 26e, 

2. » 12acr by 7H Sory by 26c, and 3ani by ibn, 

__ 12acx 4azy , Sam 

3. • 4aV by 2ac*, 66V by 36V, and 4a*J^ by 3a'<;«, 

= 2ac,-,and-^. 

4. V 6a*6Vby8a6V,and4a:»y2»by7j;y»«», 

6. » 7a'6j:* by Ba<?x, and Gox'y* by 3a6c, 

7a6a^ ^ 2aY 

6. » 3a*6'c by 6aa:*y, and Baa^if by 80*3:2:, 

a»6'c , 8A 

7. «r 8a6c by 12acx, and 4ac by — 86a^, 

_ 6 , ^ iac 
"" 4? 36jry' 

8. » 18ac*x by - eocx*, and - 12a*ca:» by — 2ac^, 

Sc , 6aa:* 
= --,and-^. 

9. » 14a*6V by - 806^*, and — 15ac»a:* Iqr Mcxf, 

10. «r ISoa: by 12cy, and 64o'x8 by 16a*ay, 

Box , 4a2 

= -j — , and — . 

B 
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12 EXEBOISES IN ALGEBBA. 

11. Diyide icfba^y hy — ^abcx, and Sex" by — 7aa:~', 

" 6c ' *" 7a' 

12. IT 4««5-» by - iab, and 3a"»5« by 4a^6(S», 

= — 6a"» *6 * or — tt"* "^^ ■ 



CA8B IT, 

1. DiTide a? -j- ac by a, and 4ary* — Sa:^ by 4ay, 

=za +c, and y — fa;. 

2. nr a* — 3aV by 8a*, and 5aV — lOoa: by Sax, 

= -Ja* — ox*, and ax — 2. 

8. -r Sax — 64ay by 4a6, and a*6 — a6* by — 2a6, 

4. ir 16a'^6»x - 8a»cx* - 2ia'dx by 4a«x, 

= W - 2acx — 6cf. 

5. «f 6xy - 20a«xy + 3a*xy by - 6xy, 

= - xy + ^rf'xy - K- 

6. 1/ 12aVy — 18aVy-16axy» + 24a*xy by2axy, 

= 6a*x — 9ax* — 8^ + 12axy. 

7. // 3a» - 24a«x + 21ax* - 3ax» + 8x* by Sox, 

= aV» - 8a 4- 7x - X* + a" V. 

8. » 6x» - 6x* + 5x» - 6x* + 4x - 4 by 2x», 

= 3x» - 3x 4- i - -—- + 2x- * - 2x- ». 

9. » 6a»x* — 10a«+*x«+2— i5fl^a.n ^ 20a"'x«+* by - 6a*x, 

= — a""*x*""* + 2a*»x"»'*'* + 3a*"'*a^"* — 4a*" "*x". 

10. IT 8a«6"»c* - 4a'»**6"»* V + 10a»6V by 2a»6«"V, 

= 46 - 2a'6«c + 5a»-«6*-«c«. 

CASB y. 

1. Divide a" + 4a5 + 85* by a 4- &i • • = a + 36. 

2. » 3a* + 14ax 4- 15x* by a + 3x, . = 3a + 6x. 

3. » 6a*4-a*x— 15x*by2a' — 3x, . . =3a*H-6x. 

4. If 6x*H- 2xy*-. 20/ by 2x 4- 4y», . = 8x - 6/. 
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DIVISION. 18 

6. DiTide 2x* - 9a»a« - 6«* by 2ar» 4- a", • - = x* - 6«». 

6. If Sa^-\- llixc — 20* by a: 4- 4c, . = 8x — Jc. 

7. -r 3* + exHf + I2xf 4- 8y" by X + 2y, 

= a;" + 4ary 4- V. 

8. ii' a"a:» — 6a*a;*y 4- 12aa^ — 8y* by or — 2y, 

9. -r a* + 4a»ar 4- 6aV 4- 4ar" 4- «* by a 4- ar, 

= a» 4- 3a«x 4- 3aar* 4- «*• 

10. «» a* - 8a»6 4- 24a'6« - 82a6» 4- 166* by a - 26, 

= a"-6a»6 4-12a6«-86». 

11. - a»c»H-9aVa:4-26aar*4-24a:»byac4-4j:, 

= aV4-5ac2:4-6a:'. 

12. « flV — aVa; — 14aca:* 4- 24a:» by ac — 3ar, 

= aV 4- 2aca: - 8x». 

18. » 27a»6» - 64(i«6«c 4- 36a6c»-8c» by 3a6- 2c, 

= 9a*6« - 12a6c + 4c». 

14. IT 8a»6* - 36a«6*c 4- Uab<? - 27c» by 2a6 - 8c, 

= 4a«6'^.-12a6c4-9c2. 
16. " aV 4- y* by ox H- y, 

= aV — o'x'y 4" a^Jcy — ory* 4- y** 

16. t (^ + 1^ ^(*^ 3abc by a 4- 6 4- c, 

= a' + 6' + c* — o6 — oc — 6c. 

17. f a« 4- 26* 4- 3c* 4- 8a6 4- 4ac + 56c by a H- 6 4- c, 

= a H- 26 H- 8c. 

18. If a» 4- a*x + aV 4- aV4- aa?*4-J^bya«-aa:4-jr», 

= a" H- 2a*ar 4- 2ax' + a*, 

19. » a* - a*ap 4- aV — aV 4- oar* — x» by a» — or 4- a;*, 

= a» - a:». 

20. IT a* + a' + a4-a-»4-a-»4-a"'bya'-l4-o-«, 

= a» + 2a 4- 2a-» 4- a"'. 

21. */ 1 4- 14a: + 71a:* + 164a:» 4- 120a:* by 1 + 6x 4- 6a:", 

= 1 4- 9x 4- 20a;*. 

22. \ 1 + 18a: 4- 117a:* 4- 380a;»+ 808a:* by 1 4- 7a: + 10a:*, 

lOx* 4- 3a;* 



= 1 + llx 4- 30a:* 4- 



14- 7x4- 10a:*' 
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14 EXBROISES IN ALGSBBA. 

23. Diride 1 + x* -\- 2x* by 1 + 2a: + 4a^, 



= l-2x + 8.'-»*' + ««^ 



l+2x + 4a:*' 
24. » 1 lyjr 1 — 2x 4- «* to five terms, 

= 1 + 2a: + 3a:» 4- 4x» + 5j:* 4- ■ ^"^ " ^"^ 



1 - 2x + x'" 
26. » 1 by 1 + 2x + a:* to fire terms, 

==: 1 - 2x + 8ar» - 4a:» + 6x* - : ^ "^ ^** 



1 + 2a; 4- X*' 

26. .» ^a:*-4x*+ Va:*- V^?*- yj? + 27by Jar»--a:4-3, 

= fc« - 6x* 4- Ja: + 9. 

Note. — ^The above exercises, except 16 and 17, may be wrought 
by Synthetic Division. 



GREATEST COMMON MEASURE, OR G.C.M. 

CASE I. 

1. Find the G.C.M. of 12a»6»cr', and 24a*6»cV, = Ua'b^cx'. 

2. ff .r 63a*6Vxy, and 42a«6Vx/, 

= 21a*6Va3r«. 

3. » » 144a»6WV, and 108a«6cV, 

= 36a«6c'e^ 

4. • • 12a'6cz», 206«cV, and 32a*6Vx, 

= 4tea:. 

6. » • Soa:^', 12aVy2«, and 24a'ayV, 

= Zaxy. 

6. • • SoJVJ*, 12o«6V4and30a6*cV», 

= ab*(?d. 

7* 1 » labcxj 9a*6Vx', and 21o6Vx, = ahcx, 

CASE II. 

1. Find the G.C.M. of a* + oar, and a* + 2ar + a;*, :=a'{'X, 

2. w r a^^axy and a* — 2ar + a:', = a - z. 
8. » • o* + oJ, and a» + 6», . ^a-^-b. 
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ORBATBST COMMON MBASURB. 16 

4. Find the G.C.M. of a' — ab, and a' — 6', . = a — 6. 



5. 
6. 

7. 

8. 

9. 
10. 
11. 
12. 



a' 4- 2aa? + ^> and c? — x^^ = a + a:, 
a* — 2aa; + a;*, and a* — x*, = a — ar. 

a:* 4- X - 42, and a:* + lOx + 21, 

= x + 7. 

a;* + 3x — 40, and ar* + 8ar - 65, 

= a: — 6. 

a* - 3a: — 28, and a:* + 6ar + 4, 

= ar4-4. 

a:2 -. 6a; - 91, and a:« - X - 166, 

= X - 13.- 

X* + 8x - 108, and x« + 6x - 126, 

= x~9. 



X* + 6x - 24, and x» + 23x + 120, 

= x + 8. 

Note. — ^The 7th to the 12th inclusiye of the preceding exeroises, 
may he very simply solved hy resolving each of the expressions 
into factors, as shewn in Art. 73, Chambebs's Aloebba ; and then 
observing what &ctor is common to both expressions, that factor 
is the G.C.M. required. 

13. Find the G.C.M. of 6x* + 51x + 99, and 3x« + 67x + 144, 

= 3x + 9. 
8x* + 68x + 77, and 6x2 + 65^. ^ ^yg^ 
= 2x + 11. 

12x* - 15x - 63, and 8x* + 74x + 105, 
= 4x + 7. 

12x» - 108, and ISx^ - 86x - 27, 

= 3x - 9. 

36x» + 96x - 36, and 28x'+ lOOx + 48, 
= 4x 4- 12. 

63x*H- 114X-45, and 54x*- 63x + 15, 
= 9x - 3. 

x* + 2x + 1, and x» 4- 1, = x 4- 1. 



14. 






1& 






16. 






17. 






18. 






19. 
20. 







4x« 4. 12x 4- 9* and 8x» 4- 27, 



:« ar 4- 3. 
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16 EXBBCISBS IN ALGEBRA. 

21. Find the G.C.M. of 4a:*- 25, and 8ar»+ 60a:* + 160a: + 125, 

= 2a: + 6. 

22. // // 9a;* — 4, and 363* - 21ar* - 20a: + 12, 

= 3a: - 2. 

23. » " 73:*-4a:-3, and28a:»-2ar»-47a:-18, 

= 7a: + 3. 

CASE III. 

1. Find the G.C.M. of a* — o", a:* - 2aa: + a^ and 4aa; — 4a», 

= X — a, 

2. «f f a* — a*, a:" 4- a», and x^ + Sax + 5a*, 

= a: + a. 

3. » » a:* + o", a:* — aa: + a*, and a:* — 2aar* 
+ 2a^a; — a', = a:* - oar + a*. 

4. Find the G. CM. of 3a* + 6a6, 7a* + 28a6 + 286*, and 
^ax + 106a:, = a + 26. 

6. Find the G. CM. of 3aa: + ^A 9a* - 16ar*, and 27a» + 64:3*, 

= 3a H- 4a:. 

6. » f 7a* — Sot, 49a* — 9a*ar», and 343a* 

- 27c^x', = 7a* - 3aa:. 

N,B, — Since each of the proposed quantities is divisihle hy the 
Greatest Common Measure, each of the exercises in the Greatest 
Common Measure will supply two or more exercises in Diyision, 
by dividing each of the giyen quantities by the G.C.M. 



LEAST COMMON MULTIPLK 

CASE I. 

1. Find the L.CM. of 4a*, 12a», and 16a», / . = 60a». 

2. IT r/ 7a*x, 12a»a:*y, and 21a*ary*, = 84aVy*. 

S. fi n 6a*6*c*, 6a»6*c*, and 30a*6»c*, 

= 30a*6V. 

4. » • 8a6"x^, 7a*6*xy, and 12a«6*a:y, 

= 84a»6*arV*. 

5. IT w 9a*xy, 5a»xV*«, and 15a*:ry«*, 

= 46a«xy^. 
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LEAST COMMON MULTIPLE. 17 

6. Find the L.C.M. of 16m«ny, 12TO*nV, and 24in"»y, 

= iSwiSy. 

7. » « 15ai6«<^, 12afMc*, and 20a»6H 

= 60a»6V. 

8. » » 6a:»^«», 9a%*2», and 36aH(y*a*, 

= ISOaiV**- 

CASES II. AND III. 

1. £1nd the LbCH. of do* — iox^ and 6a* - So'^r, 

= 6a" - Mx. 

2. i» // 8a? — 16ar, and a" -- 4aa; + 4a:*» 

= 8a(a - 2x)*. 

.r Z(a + 6), 12(a - 6), and 6(a* - 6^, 

= 12(a* - 6^. 

= 86a:y'(ai»-^. 

*r a:»+ 1, (ar + Vf, and z»- 2i»-|- 2x - 1, 

= (a:-lXa: + l)V-^ + l). 

ff o* — or + a:*, a* + or 4- a;*, a" — a:*, 
zstf^a?. 



8. 


» 


4. 


» 


5. 


IT 


6. 
anda» + a;», 



7. Find the L.C.M. of a*+6a: + 4, x«4.2x-8, and x'^ 7x +12, 

= a;* + 6a:» + 3ar»- 26ar - 24. 

8. // » (a + 6)* (a-6)«, a"-6», anda»+6», 

= (a^-.6»y(a* + a«6* + 6*). 

9. «r » a* — o^ar + aV— oa:' + a:*, and d*+ a"a: 
+ a?a:* + aa?»+x* . . = a« + a«a:* + aV + a«a:« + x". 

10. Find the L.C.M. of a* - 1, ar^ - 9, and a* -f 2a; - 16, 

= ar» + 6x* - 10:c» - 60ar» + 9a: + 46. 

N,B, — Since the Least Common MuUipU is diyisible without 
remainder by each of its component quantities, each of the exercises 
in the Least Common Multiple, wiUi its answer, will supply two 
or more exercises in Diyision. 
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FRACTIONa 

' BBDUCTION OF FRACTIONS TO THEIR SIMPLEST F0R3I. 

Reduce to their simplest fonn 

a6 lOab^c Ua^lx^ — I2acx^ - S^x'i/z 

hx' bob ' 7abcd' 4ta^c^x ' ^ - 64xy«^ 

a ^. 2ac —Bx , jr 

I2x^ — 2xy ax+a? ac — <? . a;*-- 2 j + 1 
^' 16? ' ab^ + 6 V a^^<^^^ x* - 1 ' 

— ^^ — y ^ c , g — 1 

g^-y' g' + 2a «- 3 a:» + 3xV + Say* + / 

*"• :t»+2xy+y^a» + 6a + 6'"''' a:« + 3xy + 2y» ' 

6ar^-i-7j -3 ar' - 2a? - 3 10a:' + 7ar + 1 

6a:«H-llx + 3' a:* -4ar + 3' 10a:*+3x- 1* 

_ 3ar- 1 a + l ^ 5ar + 1 
■" 3a: + 1' X - 1' "^^ 6x - l' 
- qc + ^y 4- gy + Ic _^ a* + ary + a:»y + y» 
^' a/+26x + 2oa: + 6/ a:*-y* 

-/+2x»"'^x«-y^- 

4aV-- 12ag + Qar' ^ a» + 6« + c^ + 2a& + 2ac + 26c 

^- 8a» - 27x» ' *'''* a« - 6« - c^ - 26c ' 

2a -3a: ^a+ft + c 

— , and - 



4La^ + ^ax-^^x^ a-^h -^a' 

. TO REDUCE A MIXED QUANTITY TO A FRACTIONAL FORM. 

Beduce the following quantities to fractional forms : — 
1. 2a:- J,3a: + -,4a:-g^,and3aH-4a:-2i, 

_ 6a: — 1 Say 4- 2 20aa: — 3a: 6a' + 8aa? - 5 

" 8 ' y ' 6a ' 2a 
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FBACnONS. 19 

2. 2g + — g— ,5a:+ ^ , and 36 ^^, 

Sr + 3 22j: - 4 ^ 6a5 - 6« 

= , - flnd — — — — • 

5 ' 3a: ' 2a 

_ 2o 56c + Sc* + g , 19aar — 6g' 
-^ a + 6' 6 + c "' 8a - a: • 

. , 2ax - a:* , , . a« - 6* 

o -f a: a 4* 26 

5i. 1 — X 4- a:* - , and 1 + a; + a:* + r— — , 

I and: 



= ., , , ana. . 

1 +ar 1 - X 

6. c^+a'x-hax^ + s* X— and a» - a'x + — ^, 

a — X a + X 

2x* ^ 2a* - aV + ar* 
= , and 



a + x 

TO REDUCE IMPBOPEB FBACTIONS TO MIXED qUANTITIES. 

Keduce to mixed quantities 

S ox-fSx' 8a' 4- 7ax + 8x^ , 9o» + 6o'x + 8ax 

Ba lax A- Sx* ' x 

= 2 + 7D 8 + T > and 3a + 2x 4- - • 

4ar a* a 

^ 3a« 4- 6ax 8a»4- 7a«x , 4a* - lOox 4- 4x» 

2. ■ - , . and . 

a + 2x * a4-ar ' 2a + x ' 

= 3a ^, 8a» - ax 4- a:* - -^, and 4a - 3x + o"^- 

a + 2x' a 4- X 2a + x 

„ 2a? + 3ac 4- 3c« + a , 6a«x - 6ax» 4- ^ 

^- ^TfYc '"^^ — 2sr3-i — ' 

=:2a-c + ^5±il,and3ax-x*4- ^ 



a 4- 2c' ^ 20-- X 

Digitized by CjjOOQIC 



20 SXEB0I8ES IN ▲LGEBBA. 

^4. — =---! , and j— — r. ^, 

1 -J- a? ' a* + X • ' 

.= 1 — ar + 4ar — , . , and a* - ap"« — . . .» - 

1 H-ar d* + ar • 

^ 1 + 3x* + 2a^ a'^ _ 6^ - c» - 26c 

^- — f--^— >"^ a + b^c ' 

= 1 + 4a:* + r -J, and a - 6 + c — • 



Sa* + lOa* + 13J* + 16ar» + 15a:^ + 5 
^- T+2? * 

= 8x + 4a:» + 6a^ + 6a:* + 5^±i. 

BEDUCIION OF FRACTIONS TO A COMMON DENOMINATOR. 

Bednce the following fractions to equiralent ones haying a 
common denominator : — 

, 8a 6a - 2c 9ac lOab . 8c« 

^' iPe^'^^^Si- • • • =m^'i26^'^^i26^- 

_ 76 lia6 , 5ac __ 566»c 22o^6' 15oV 

^' 8? 127' ""^ "IT' • • ~ 24^6?' 24^^' """* 2456^- 



8x 7a 4ax , 56x 



1355cx 140a'6 48o»cx 456'x 

'' IQOabc' 180a6c' 180a6c' 180a6c' 



3a 56 S^ , 50^6 
7?' 14/' 21ay* "^^ 6x»y' 



_ ISaf 166x* 16a6xy 35a% 

"~ 42xy 42xy' 42xy' 42xy 



^ 2a 66 7c ^ 14a6 

5. — — — and 

mx my mz xy 



2ayz 6bxz 7cxy , liahmz 
mxyz mocyz tnxyz mxyz 



ab - 8a* — 2a6 



7+Pfl-6'*"*' a»-6* ' 

_ g'Ca ~ 6) a6(a + h) 8^--2a6 

- a»-6«' a»-6^'"^^ a*-6« ' 
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FRACTIONS. 21 



ax 2oV ^2flf+£* 

- yqn? ' a»4-*» ' "ST?* 

. g + l g-l g'+l _^ a' - 1 
*• J=T' STI' ?TrT' «^** ?+T' 
_ (a4-l)V4-l) (g - V)\c?+ 1) g*+2a«+l g*~2a?+l 

- 5r="i :» ?ri ^^ a*-i ' "^^ o*-i • 

2a; x + o 4o _3a+ar 

^- JHr^'"35~' JITS' ^'^^'^^ 
_ 6aa<x — g) (ar + d)\x — d) l2aXx + a) . 9c^ + Sax 
" 3a(3^ - g^ SaCf - g«) ' Sa(x' - g')' 3g(x»-g*)* 

in <^ + g' c? — tj? c? -{■ ax ^ ax ■\- x^ 
^"' (g + a:)^ (g - x^ c^ - x"' ^^ 2ax ' 
^gaKg' + aQCa-g)' 2ga<g' - a:^(g + x)' 2ga<g'4-agX«^-^ 
•" 2g<g«-a:»y ' 2ga:(g« - a:»)» ' 2ax(€?-3?y ' 
(gr+^(6^-;_^ 
"^ 2ga:(g*-:c»)« ' 



ADDITION OF FRACTIONS. 

X , 2ar , 6a: , „ - x , 3a: , 4a: . a: — 1 

8a: + 2 , 9a: - 1 
= — r — ^« ana — = — . 
3 ' 6g 

g , g , 3g , 2g _ 2g , 3g , 6g , 7g 

6 + 2 + 10 + T'^^8i + ii+6i + i2i' 

14g ^ 34g 

= — ^. and — . 

10' 12a: 

2g . 3ar . 3a:* + g' a -^ x , Za . 7x 



g + a;g — a; a^ -^ a^^ 2ax a — x a-\- a^ 

3g' + flg + Gx" ^ gX6a:+l)+(20g'--gy+a'g-(14g+l>' 
= SCr? ' ^^ 2ga:(g* - x^ * 

. 9a: + 7 , 6a: + 6 , 9a:-8 . 4a: - 6 , 2x + 6 , 4a:+8 

177a: + 66 , 802x + 471 
ss ' ■ - sua, - 

40 ' 693 
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22 BXBRCISES IN ALGEBRA. 



a + 6 ^ (a + 6)* ^ (a + 6/ ~^" (a + 6)"*» ^ (a + 6)"**' 
_ 2fl» + 8a'6 + 2a6* ^ a"(l + a) 



6. 7^--T + , r^--7-T^, and 



(a - 6)(ar + a) ^ (a - 6Xa: + 6)' "^^ (a + 6Xa - x) 

_ (o + &>+2qft 2a5 - (a + 6> 

- (a - 6Xa: + aXx + 6)' ^^ (a + 6)(a - arX6 - x)' 



__ 12a* + 12oV + 7a* + a:* 
"■ 12o»(a*-3?*) 
8 3 1 a:-l __ l+x + x* 



4(l-ar)« "^ 8(1 -x)"^ 8(1+*) ^ 4(l+x2y " l-x-x*+a:*' 



SUBTRACTION OF FBACTIONS. 

_ 14a: hx , 8a 3a 4x a: 19a 

1. _--,aBdy--5-, . . . =yor-,and— . 

^ 3a 6a , 4a 3a 9a , 13a 

2. ^ and — — — « , . . . = -r— , and — . 

4 11' 6 7' 44' 36 

^ 2ar 3c ^ hy 4c 8a; - 16c , 36y*-24c» 

, 9a: + 7 6x + 4 , Gar - 6 4x — 3 

4. ^ — — ■ — , and — « 

4 6 ' 8 7 ' 

21a: + 19 ^ 10a: - 11 
— -, and 



20 ' 66 



2ar + y y - 2a: ^^ . x + 1 a: — 1 

6. , and =■ ^r, 

y x' X— 1 x + 1' 



__ 2x' + 3ay-y' , 4x 
- ^ ay '"^^x^-r 



6. (6a-l^^.(2a + lLz3),a.d(7a+^).(3a-i^^^ 



« y J ^ . 3a — 3c 
= 8a - 8 •- 1, and 4a H j — . 
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FBAcrriONS. 23 

7. (7x+|)-(3x-?=^\imd;r-rT5 r-^ r^ rr, 

"^ ^ hJ ^ h^xP (a+6X*-a) (a+^Xx-ft)' 

= lx I "^-^ and — ^-:rL^)__ 

g+y 2x 2m + 3w 2»i - 3n 

y a: 4- y 2jn - 3n 2m + 8n' 

MULTIPLICATION OF FRACTIONS. 

a5x4j;d 2 1 2 

6 c' 6 9 ' 2x 3x' So 7o' 



a 4x« 1 2 



8 9r 7x 5 ' cd 46' 6 6 ' 



_ 20 24 8a 9a= 

""27'" 35' 4c' "^"^ "26 • 



3. g±4xi::i4and ^ + ^ + "' x- 



c + rf a + x^ a + or o' — or + o:*' 

c — rf _ o' — x* 

= ;• and -T =. 

c + cT a»+x» 

4. X —I—, and -=- X . \ . X ^, 

a oar ' y' <a: + y) aty 

a* — 3^ , a:*(ar — y) 

g + x ^ a^'-y' ^ Cm + ny 6(m«-«0 
^- (m + n)» ^ "~i2~ ^ ""^^T^ ^ x + y. ' 



= i(« + arX^ - y)- 



I* q^ + g* ^ fl'-g' ^ fli*--x* 4ar 

O. — = 1 X ■ ,, . — 5 X 7 ; rr- X 



_ 4a3:(o — x) 
"" o* H- ox + X** 

^' \M:T'*"5^r6/^V5ir^""6n/' 

"■(a + 6X« + cX6 + c)- 
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5M: EXEROrSEB IN ALGEBRA. 



8. a+, + ^ + ^)x(l-rc + :r^-:c»+j^), 



Note.— Id the 8th exercise, reduce the fkctors to fractional 

forms, and then multiplj ; the first &ctor becomes z , and the 

1 1 — X 

second becomes r— ; — . 

1 +ar 



DIVISION OF FRACTIONS. 



aftjc 28ar66 -6a 7 



a 3a^ 12a:2 ^g^ 



4ar 4x» 8a6 4c 66 2a 7x Ba 

9 "^ 46'T""^ a'S^'^a^'^'^si'T' 



_ 6 8a*6 166 85j: 



g + g a + a: , a* + a^ a^ — a^ 






a* — a* a— a: .c? — a? a — x 

4- -z::r- -^ -^5r-» a^d 



4aa: ' 3x * a» + a:* * o^-oar + a:*' 

4o ' a 4- X ' 

o 4- z . (w + n) 9a^ + 6qg + j' . 3a + ^ 

^* (to4- n)« • a - a: ' 2m + n ' 4to«+ 4OTn + n» 

<^ — a:* 

^3, and (8a + xX2m + n). 



(m + nr 



- «*— a; X*— 6ar _ 4a(a* — a:*) a^ — ax 
^* ^"=^8 ^ x-3'"^^86(c*-ai»)"^6c+&B' 

__x-l 4(a+^ 

- n^' ""^ 3(c - xy 

7. 3^_^.,j^ 27(^-^ ?(aj^) 

'a»+x»-a + x'*^ 6 ' 6 ' 
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FRACTIONS. 25 

a;g-|.5a?+ 4 . ar^+gg + l , £*--a* a*4- or 

a: + 2 ,a:' + a' 

= 1^:1' ""^-T- 

g a:» -f 7x -I- 6 . a:' ~ 36 ^ a:* - 3a? - 4 a:» - 16 

• aj» + 12ar + 11 • a:» - 121' "^ a:* - 7x - 8 "^ x« - 64' 

a: — 11 , X + 8 
X — b a; + 4 

MISGELLANEOUS EZESCISES IN FRACnONB. 

4(1+ 0)^4(1- fl)^2(l + a»)' • • ~r:=^- 

o 1 1 1 

• (X + 2XX + 3) (a: + 2)(a: + 3)(a;+4y " (a:+2)(a:+4y 

8 1 1 

(«4-1XjJ + 2Xx + 8) (ar + lX^ + 2Xx + 3Xar + 4y 

1 



(a: + IXx + 2Xx + 4)' 

4. -J- + 1 i 

« - 1 ^ (a: - IXar - 2) (a: - IXa: - 2Xx - 3)' 

_ 3:^ - 4a: + 2 

Car -IXar- 2X^-3)- 

ar - 1 (a: - iXx - 2) ^ (:c - IXa: - 2Xar - 3)' 

_ gg ^ ea- + 10 

~(a:-lXx-2Xa:-3)- 

g 1 , 1 1 

• a:-8"^(a:~3X«-4) (a: - 3Xx - 4Xa: - 5)' 

a:* - 8a: + 14 



(x~3Xa:-.4Xa:^6y 
'• 1-a: (l-a:)«^(l-a:)» ^' * * ~ (1 - xy' 
ft ^ , od— he a + Bx a — b c ^ a b -^ c _. 

NoTB. — Here the sum of the first three terms = 0, and the sum 
of the last three terms also = ; hence the whole sum = 0. 
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26 EXBROISES IN ALOBBRA. 

a» + a:» ' a + «' 5y - 10 • 15y - 80' 

= -i r-T3i *Jid 9y. 

a* — ax + ar ^ 

/ar* — a* £j4-_a3P\ a:* + o* o? — ax 
^"* \(x-a)«"^ ar-a/^Car+a)'"^ x-a' 

- x»(x + a)« • 



11. 



a(o - 6X« - c) ^ 6(6 - aX6 - c) ^ c(c - a^c - b)" 



' \x — y a? + y Ax - y X + y Ax — y/ ' 

ia ^^"^ V ^ ~' ^ a* — ax _ 7x(a + x) 

^*^' r% ^ c« - x^ "^ 6c + 6x' • • • ~ lly(c ~ x)* 



a;» - 9x + 20 ^^ x' ~ 18x + 42 . x - 7 

x»-(Jx ^ x« - 5x • x(x 4- 6)' 

_ X* + a? ~ 20 
~ X 

x» + 8x + 15 x* - X - 20 _^ gg ^ 2x - 15 
^^- x» + X - 12 ^ x^ + 12x + 36 ' X* + llx + 28' 

x-8* 
x» - lOx + 21 x»4- 12x 4-86 . x* + a: - 20 



x« + llx 4- 80 X* - llx + 24 • X* - 2x - 48* 

x»-49 



x*+ X — 20* 

(x + 2 ■*" X + 8 "*■ X + 4) • (x + 3 "*■ X + 2 "^ X + 1> ' 
_ (x + iXga:' + 34x + 46) 
~ (x 4- 4X8a:^ 4- 12x + 11)' 

' 18 J ^ . 2 3 1 r 1 1 2 1 

ix4.6'^x4-4 x4-8>'tx + 4"^x4-3 x + 2r 

_ 4x' 4- 26x 4- 36 
"■ 3x« 4- 25x + 60* 
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INVOLUTION. 



CASE I. 



1. Find the square of 5a, Sax, |?, |^, and — , 
2x 3tf c 



= 25a«,9aV,-j^,^,and-^. 



.^- ' cube of 3a, Tab, 5a\ and — , 

4a 

= 27a», 343a»ft», 125aV, and |?^. 
64a' 

3. » fourth power of 2oJ, Sac*, and ^, 

3x 

= 16a^ 81aV, and ?^, 
oxx 

4. -^ fifth r 2r, 3ac, and 4^, 

6. • sixth «r ax*, al6*c, and 4:, 

= aV, a^6V, and ^. 

.IT 

6. «r serenth // 2ac*, 3a^, and |^, 

= 128a'(^, 2187a^6V*, and ?i?^. 
128a' 

CASE II. 

1. Find the square of a + c, a + 2x, and or + 6, 

= a'' + 2ac + c',a' + iax-\- ix', and aV+ 2aftx + b\ 

2. Find the square of 2a + c, 3a + 2c, and x + By, 

= 4a' + 4ac + c», 9a» + 12ac + 4c^ and a:« + lOay + 26/. 
8. Find the square of a — c, a — 26, and ac — b, 

= a« - 2ac + c*, a« - 4a6 + 46», and aV - 2acb + 6'. 
c ' 
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28 EXERCISES IN ALGEBRA. 

4. Find the square of 2a — a:, 3a — 4c, and Sx — 6y, 

= 4ia^ — 4aa: + x*, 9a*— 24ac + 16c*, and Sa:*- 30ay + 26y*. 

6. Find the cube of »i + w, o + 2a:, and 2a + 36, 

= »i^ + 3m% 4- Bmn^ + 7i«, a» + Sc^x + 12aa:2 ^ g^^ ^^^ 
8a» + 36a*6 + 64a6* + 276^ 

6. Find the cube of m — w, a — 2a:, and 3a — 26, 

= »i» — Bm^n + Siwn^ ^ n\ c? - Qa^x + 12aa:* - 8a:», and 
27a' - 64a26 + 36a6* - 86^ 

7. Find the cube of a» + 2c*, 2a: - y\ and 2o* - 3c*, 

= a« + 6aV + 12aV + 8c«, 8a:* - 12ar*^ + 6ay* - /, and 
M - 36aV + 64aV - 27c«. 

8. Find the square of (a + ft + c), and (a + 6 — c), 

= o* + 6* + c* + 2a6 + 2ac + 26c, and fl^ + 6* + c* + 2a6 
- 2ac - 26c. 

9. Find the square of (2a — 6 + c — rf ), 

= 4a*+ 6* + c*+ rf*- 4a6 + 4ac -^ad- 26c + 26rf- 2cd: 

CASE III. 

* ^. , .^ *2a hoc 4xy _ 3a: 

1. Find the square of 3^, -^, g^, and ^, 

_ 4a? 25a*c* 16a:*y* 9ar^ 

~ 96*' l635"» 25c*a** ®^^ 4y** 



, ^4a 6a6 2a*c _ Soa: 



64a* 125a»6» 8aV ^ 27a»a:» 
, and • 



27c»' 216rfV* 1266y' 64cy * 

ft a«,,o^ ^^ 2q + c a: + 2y 2ac + a? 

8. . square of ^-^,3^3^, and ^^—3^, 

_ ^a^ + 4ac + c* a:* + 4apy + 4y* , 4a*c* + 4aca: + g* 
~" a* + 6ac + 9c*' 9a:* - 6ay + f ^ a*c* - 6acr + 9a:** 

4. Find the cube of %^—, -^-^y and ° f^, 
3a + c X + 2y ac — 2x 

_ a» + 6a*c + 12ac* + 8c' 8a:*- 12a:*y + 6ay* - y» 

"" 27a« + 27a*c + 9ac* 4- c*' a:* + 6a:*y + 12a3^ + 85^ 

, 8a» + 12a*car + Qw?:i^ + i*a* 



and 



aV - Qa^c^x + 12aca:* - 8a:** 
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EVOLUTION. 2^ 

5. Find the fourth power of ^ 7 ^> and — ^t_ 

— g* — ^g'j? + 6aV — ^a ar* + a:* 
~ a* + 4a»x + ecc^x^ - 4aa:« + ar*' 

^ 16a* + 32a»6 + 24o'6^ + Sa^' + 6* 
^^ a* - 8a»6 + 24(t'ly' - 82a6» + 164** 



EVOLUTION. 

CASE I. 

1. Extract the square root of 16a^ 496V, and SlaV^ 

= ± 4a, ± 76a:, and ± 9a*c. 

2. fr cube « 8a:y, - 64ay, and 126a'a:y, 

= 2x1/, — 4a*y, and Bcu^y', 

3. " fourth // 16aV, 256a:yV, and 6561a*c», 

= ± 2aar», ± ixy'z^, and ± 9ac^. 

4. f mtb ,/ 2" X 3^a"y"i and T^a^ar™, 

= (2 X S^a/ = 18ay*), and 7a»ar^. 



1. Extract the square root of ^ j^^ and -gj^, 

, 2a^2 ear , , 12a« 

86V a»6« ^ 126a* 

2, " cube » rr-r-s, , ^ and — 



64aV 27a:'/ 216c'x«' 

_ 26x' a6' 5a» 

~ 4ay 3a:y' Cca:*- 






16a:y ' 1296a*6V^ 

. a6V - , 5xys^ 
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30 BXEBOISBS IN ALGEBRA. 

CASE III. 

Extract the square root of the foUowmg quantities :— - 
X. (9x* -f 302y + 25j^*)*, and (16ar* - 8r»cy + c'y')^, 

= 3a: + 6y, and 4a:* — cy, 

2. (a« - 2ah + 6* + 2ac - 26c + c«)*, and (4a* + 4aar + ar* 
— 4ay - 2xy -f ^*, . . . = a - 6 + c, and 2a + a: - y. 

3. (4a*- 4a«6 + 6« + 8a*c - 4&c + 4c* - 4a*rf * + 2W* - 4crf * 
+ rf*)*, = 2a* - 6 + 2c - rf*. 

4. V-9- + l«^' + ^>and(---iia*^ + -^^;, 

= 1« + fa:*, arid fa* -- ^r. 
- /^ n . W j/9«* . 8a , 16x*V 

~ Sy 2x' '" 5r ■*" 3c* 

CASE IV. 

Extract the cube root of the following quantities : — 

1. (ar» + 6ar*y + 12ay* 4- 8^*)*, and (8a» - 12a*x + 6az*- x^)\ 

= a: + 2y, and 2a — ar. 

(27a:" x v V* V , /27a:" 9a:* x 

y Zx y ^ 

5. (a" + 9a»ar + SSaV + 63aV + 6Ga*x* + 36aa:* + 8a:«)i, 

= a* + Soa: + 2a:*. 

4. (l + 3x-3x*-lla:»4-6a:*+12ar'-8a:«)^ = 1 + a: - 2a:. 

5. (a:* - a)*, and (a:* + o)*, 

= *-*^~*^~A?--243?i-&^-> 

andar + i^-tJ + A J " ^%|1 + ^- 
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IRRATIONAL QUANTITIES. 31 

Note. — These two expansions may be used for extracting the 
cube root of numbers that are nearly exact cubes — as, for instance, 
to find the cube root of 63 = (64 — 1) = (4" — 1) ; hence, in the 
first substitute 4 for x, and 1 for a, and the value of the cube root 
of 63 will be obtained. Or, to find the cube root of 1006 
= (1000 -f 6) = 10» + 6 ; hence, to find the cube root of 1006, in 
the second series, make x = 10, and a= G', then find the value of 
the eeyeral terms, and the cube root of 1006 will be found. 



IRRATIONAL QUANTITIES. 

CASE I. 

1. Beduce 7, 2ay ^ac\ and Za^x^ to the form of the square root, 

= (49)*, (4o')*, (25aV)*, and (9aV)*. 

2. w 5, Sx', 4a'c, and 2a}f^z, to the form of the cube root, 

= (125)*, (27a:«)*, (64aV)*, and (SaV^')*. 

3. f 3, 2x, — , and -ri—i to the form of the fourth root, 

y 2bx 

= (81)*, (16x0*, {-r) , and (-j^^) . 

4. " 2x, -7-, v-j, and —5-^, to the form of the n^l* root, 

1 A i 

i /3"a"x"V /a^^c^^V" , /a"x*VV 

= (2-x-)", {-^) . {-ii^) . and {-^) . 



CASE II. 

Beduce to their simplest form the following expressions : — 

1. V12, V20a», V75oV, Vl28aV, and iv/200x»y, 

= 2V3, 2aV5a, 5axV3x, Sox^VSaa:, and 10xy*V2^' 

2. -^32a*, -^Bla'x, -^500xy*, and -^24aV, 

= 2a4/4a, 3a^3x, 5y^4x/, and 2ax-^3ai*. 

3. V*V - ay), ^(a'x* - aV^O, and Vo*(o* + a*^)> 

= ax^/la'x - xf), ax V(a:* - «*), and aV(a' + a:*)- 

4. ^a\x + a)S -^aV(a* + a»x), and ^32aV - ^'» 

= a(x + a)^a(x + a), a«x-^(ax + x*), and 2a-^4(a* - x*> 
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EXBBCISES IN ALGEBRA. 
CASE III. 



,3 5x .2a 
1. Rationalise the denominators oi-j^, -j^, and --^ 



_ 3V3x __ ^Sx 5x^2x _ 5V2g , 
- Sr* "" x* ' ix ~ 4 ' 



2V7a 



the denonunaAors of ;j^, -^^^^, and ^^g^, 

_ 5^20: 7a^3a^ _ 7^3ag ^^^ ^..^^gg. 
~ 2x ' 3aa: 3a: ' 56c 

2x , 36c 

the denominators of ——rz r, and 



2x»/a(a — x) , Zhc^a(c? — a*) 

, , . , ^ 2 3a , 4 

the denommators of — ^, -^^j and \y^2^^v 

2m/a;Cm-2) 3aj/a;n 4^(a"-V"0 



CASE IV. 

1. Eeduee V3, -^6, -^6, and -^7, to similar radicals, 

= (3*A (6T, (67^ and<7*)«; or 3^^ 5«, 6«, and 7«; 
or ]^729, ]SJ^625, jy21(5, and ^^49. 

2. « aVCa:* + y*), and 36^(a* - c^), to similar radicals, 

= a(p? + ff\ and 36(0^^ - c«)". 
8. w </(o — 6)', and -;;/(a* + a:*/, to similar radicals, 

= (a - 6)«», and (a* + a:*)"**- 
4. «f a*, 6*, (ax^, and (a — a;)*, to similar surds, 

= a^, 6^, (aar)*^, and (a - a;)** 
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IRRATIONAL QUANTITIES. 38 

CASE T. 
ADDITION OF IRBATIONAL QUANTITIES. 

1. Add together V12, V27, V48, and V108; also V8, V72, 
V128, andV32, = 16^3, and 20^2. 

2. Add together ^o^c?, V2*a*, and VlSOa ; also V3flw^, V27a», 
and »^^Mx\ = (3o -f 2o» + 5)V6a, and (a: -f 3a + 4a*;c^V3a. 

3. Add together ^66, ^189, and <^5/448 ; also ^2ia\ ^3aV, 
and -^Slox^, . . . . = 9^7, and (2a + ax + 3ar')^3a. 

4. Add together V(9a: + 27), 3V(4x + 12), 5V(25x + 75), and 
2V(9o*ar + 27fl?), .... = (34 + 6a)V(a: + 3). 

6. Add together ^(16a:« + 24), ^(64ar^ + 81), and -^/(128a»a:* 
+ 192a»), =(6 + 4a)-^(2ar'H-3). 

6. Add together ^(32a»+96j:), ^(a»+3a»x), and ^(a»x»+3a:«), 

= (2 + a+x)^(a» + 3x). 

CASE VI. 
SUBTRACTION OF IRRATIONAL QUANTITIES. 

Find the difTerence of the following quantities : — 

1. (V108 - V27), (V320 - V80), and (V448 - 2^63), 

= 3V3, 4V5, and2V7. 

2. (Va*a: - ^i?x), (V64a*x - V16aV), and (3Vf - VS), 

= (a - c)Vic> (8e^ — 4aa:)Va:, and |V3. 

3. (9-^6a^ - -^136x*), (9>^c?h - -s^a'^), and (-^f - ^■^'), 

= 6x^6x, (8a - a«)-^6, and iW'18. 

4. (Vxy-aV^-V:r«y«-a»/),and(^^-^J^) 

* = Kx - 1)V(^ - a«), and ^^^^V^. 

5. (^a»»c - ^a'«c), and (-^a^'c^'J* - ^a^ft*'**), 

= a\a - l)>C/c, and a(ac* -hy^hK 



6. (^^<'_^^!*!^)and(^|^-^|"^> 
= ^^^Ay(6» + he), and '^° ~ ^ V Cac* - *«)• 
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84 EXBRCISES IN ALGBBSA. 

CASE VII. 
MULTIPLICATION OF IRRATIONAL QUANTITIES. 

1. Multiply 3V15 by V6, 6V3 by 4V8, and 2^27 by 3V6, 

= 9V10, 40V6, and64V2. 

2. // 6^Q by 3-^J/4, J-^'15 by 6->yi8, and <>y7a* by ^ac* 

= 30-^3, 5^10, and a^7c^ 

3. » V9^ X V^i V«a: X 6Vac, and Vo« X V16a6, 

= Sx, 6a Vac, and 5aV36. 

4. -» 6-^a X ^2c, ,ya=6 X ^y7ac, and ^2c^ X 3,y6e,' 

= 6-^2ac, a^lbc, and 3c^26. 

5. »» J-,yi8arf* X l>5/6di'j^, and |^7a X i^ia\ 

= d:^4axy, and ^<^28. 

6. ff xiX 6*, W X (oa:)*, and a^ X al X — a}, 

17 

= (i'a:)J, (a-6a;')J, and - a «, or - a^^a. 

7. » (oi + a:*X«* - ^)» and (oi + W)(ai - fti), 

= a — ar, and cfi ~ i^. 

8. » xi X x^ X x^j and (a'V^ + xa/xX^W^ — ^V^)» 

1 a 
= x»*, and a* — a:*. 

9. // (a + 6)» X (a - 6)*, and (2 + V^)(6 + V^?), 

= (a» + a*6 - 2a»6* - 2a«6» + o6* + i*)*, and 12 + S^x + x. 

10. Multiply a« + a^fci + aJJi + 6J by oi - 6*, . = a - 6. 



11. » (a» + aix* + arJ)(ai — a:*), and (ai - aJa:* + xi) 
(a* + a*), = a — X, and a + a:. 



12. Multiply nac*.+ (n-l)a«a:* -|- (n-2)a»x-» by a«a:J(a?-aa?-'), 
= na*xi« — o»x ♦ - a'ari — (n - 2)aV ♦ . 
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IRRATIONAL QUANTITISS. 85 

CASE V]II. 
DIVISION OP IRRATIONAL QUANTITIES. 

1. Divide V336 by V12, 3^300 by V5, and V54 by 6^2, 

= 2V7, 6V16, and|V3. 

2. - IVxlrtyfVtaiidf^^Vbyl^l, 

= iV3, and V^-^30. 

8. » 6-^7a' by 3^2ac-, and 2^19ax' by ^8ff, 

= --^28c, and 4/SSx\ 

4. M 84a«6»c2 by 12a»6cb, and 6Va*6 by Sah'i, 

= -rr— I and 2a6. 

5. • (a» - o-'O* by (a + x)*, and (a* - x»)* by (a - ar)*, 

= (a — x)*, and (a^ -\- ax -\- x')*. 

6. • V8 + 5^12 + ^i by V 2, and 2V32 + 3^2 + 4 byV8, 

= 2 + ^18 + 1, and 4 H- f + ^2. 

7. „ o« - alxi - 2aM + 2x2 by a* - xJ, . = a9 - 2x*. 

8. V at 4- 2aftt + 2aiiJ + 6' by a* -f M, 

9. • a~* — X"* by o~* — x~J, and a"* — 64x' by a~* + 2x*, 

= a"* + a~*x"* + x'i, and o~* — 2a~*x* + 4o~'xl 
- 8a- ^x + 16a- »x» - 32-^x*. 

Note, — The above exercise may be reduced to the following 
- X — a X*— a*^x — a a*x* __ 1/x — a\ _„ 

ax a*x* ~ ax x* — a* "" a Wya:* — a*/ 

latter factor can now be divided by using positive exponents ; and 
then each term of the quotient, being divided by aix*, will give the 
answer. In the same manner, the second part of exercise 9 may 
1 - G4a V 1 + 2a*x* 1 - 64a»x» 



be reduced to the form 



ai 



a* 1 /I — 64a'x'\ 

^ 1 + 255 = ;y?VT+-2^ *^* ^**" ^^ '^ ''"'* "^y 

again be divided by using positive exponents; and then the 
quotient, being divided by ^a*, will give the answer. Both these 
exercises may also be very simply done by using Synthetic 
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86 EXBBOISBS IN ALGBBBA. 

Division. The coefficients of the quotient are found as 
follows : — 



1st, i + 1 
2d, \-2 



1+0 + 0- 1 = coefficients of the dividend. 
+1+1+1 



1 + 1 + 1 /' n quotient. 

1+0 + + 0+ 0+ 0- 64=coeff. of dividend. 
-2 + 4-8 + 16-32 + 64 



1-2 + 4-8 + 16-82 = // quotient. 



GENERAL EXERCISES. 
1 



1. Simplify —- + + 



2(1 - ar*) ^ 2(1 + ar») ^ 1 + a:' * "" 1 - a:*' 

( 1 1 > x" 

\a - (a^- ar^)* a + {a^ ^ ar^)*> ^ 2(a« - a:»)l» 



1 



8. 



~ o* - «*" 
l.+ a? + (a:«-iy I + x - (a^ - l )i 
1 + X - (ar* - 1)* 1 + a: + (x* - 1)*' 

= 2(ar^ - 1)*. 
NoTB. — Here multiply both numerator and denominator of each 
fraction by its numerator, and then subtract ; or, which comes to 
the same thing, reduce them to a common denominator. 

^- S""P^(:,^ + l)* + (;c»-l)* + (.^ + l)*-(:^-l)V 

= 2a:». 
K ^ "f a _ g* + a* - , /aXJ 

^' " ^+(a:a»)i-(A)i' ' " ~^*~ "*' ^ "^ W ' 
Note. — The denominator may be reduced to the form xi(xi 

— 3^c^ + a*). The numerator is then divisible by the latter 

factor, and gives the quotient xi + a*. 

6. SimpUfy «^^-t^V^ + 6aa: + 4xVaa: + a:« 

= a» + Soa:* + 3a*x + a:* = (Va + V^)'« 

a* + a'ar ^ 24a»a:* - 16aV - 8aV 

7. » --i — ::j-, and - 



^ - a:" 82aV - 16a»a:« - 24aV + 8a»a:*' 



a« , 8a + 1 

-, and 



a^ - x' 4a* + 2a - 1* 

4 - X , 2x 

= , and -7 — zr. 

6 — X ar — 1 
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CASE IX. 
INYOLnTION OF IRRATIONAL QUANTITIES. 

1. Baiae dV^) ^ V3» W^? W^y and aVS, to the second power, 

= 18, 48, 2i5, 176, and 3a«. 

2. » 2Va, 3 V At, 6-^a*x, and 7 -^(x*-/), to the third power, 

= 8a Vo, 27ax^ax, 125a»a:, and 843(a:*— /). 

8. IT j^6a»,iVKa'-^,a^d^^-4^»tothefourth power, 
= -^^/6 a*-2aV4-x^ ^(c + ef)^(c + ef ) 

4. w a*M<^, 4ar*yl«*, and -^-t> *o *^® ^^^ power, 

= a!'h^c*4/^a'bc', 1024xy«'^^«*, and - 



82aVx** 

6. » Sx^yCx + y), and (c + </X« + ^)*> *o tl^e fourth power, 
= 81xXa: + y)^y(x + y), and (c + dXa + 6). 

6. i' /^x — Vy» and -^o — j^b, to the third power, 

= (a: + 3yVa:~(y + 3x)Vy, and a-ft-S-^aK-^a-^yi), 
or = x»— 3ary* + 3% — y», and a — 3a«6* + 3a*6*— 6. 

7. tf V2 4- V5, 4 4- V3, and 3 — 2^2, to the second power, 

= 7 + 2 VIO, 19 + 8V3, and 17 - 12^2. 

8. f ^^—= , -^A > and y + i/^x, to the third power, 

2 3 

8V3 - 6 22V2 - 26 ,.,*,.,•,, , 



CASE X. 
EVOLUTION OF IRRATIONAL QUANTITIES. 

1. Extract the square root of 9^3, 12^ 49^6, and 3' X 2', 

= 3-^3, 24V3, 7-^6, and 6V6. 

2. » cube i* 27V6,^V2, 8 X 5*, and 72^3, 

= 3-^6, i-^2, 10-^6, and 2-^243. 
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38 EXBRCZSES IN ALGEBRA. 

3. Extract the square root of 16a', c?^~^ and 2Mh\ 

= 4:0/^0, -^ax\ and Mhnjc. 

4:. It t, H 4(a-x)''(a-f a;),and81(a4-a;)=» 

(a -x), . = 2(a — x)V(a + a;), and 9(a + ar)V(a^ — x-). 

6. Extract the cube root of A^V^a, a^6*, and JarVja;, 

. = |-^3a, a'-^a«6, and JV2a: or Vi-v- 

6. *» IT </ 81aXa + a:)*, and tVW(«^ - **)> 



2a*x 



= 3a(a + a:')-^3a(a -f x)^ and — --^3a(a - a:). 

7. 1 fourth root of if xl/, a%-^ci, and 7— ^'-^j 

= t^y*,-^6fcJ,and^-^-^. 

Here a^b'h^ = -75- = -ir ^ ^'^'> *^® fourth root of which is 
evidently the answer given above. 

8. Extract the fourth root of i^a*x\ 32g^65c, and 48aXa— a;)"^ 

n„ 

= aM, 2am^2c, and _ ^w ^Sa^a- a:)^ 

9. It mth root of ai, tj , and ;^ ^ / „ 

= a^ ?>C/(i*»"'), and ^-^(a - a:)^. 
0^ a — a: 

(a -f arV" a — a: (a -f arV^Ca — a:) ^, ., 

Here / /,_. X = ^ / ^ ^. — ^, the mth root 

(a — x)*" * a — a: C^ — ^) 

of which is that given above. 

CASE XI. 
TO EXTRACT THE SQUARE ROOT OF A BINOMIAL SURD. 

1, Extract the square root of 3 + 2^2, and 4 - 2V3, 

= V2 + 1, and V3 - 1. 

2. *> » <r 9 4- ^ V5, and 4 4- 2^3, 

= V'S + 2, and ^3 + 1. 
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IMAGnrARY QUANTITIES. 59 

3. Extract the square root of 11 + 4 V 7, and 15 + 6 V6, 

= V7 + 2, and V6 -f 3. 

4. » » , 8 4- 2V15, and 5 — 2^6, 

= V5 + V3, and V3 - V^- 

5. » IT IT 24 — 6V7, and 20 + 10^3, 

= V21 - V3, and Vlo + V5 ; 
or = V3(V7 - 1), and V5(V3 + 1). 

6. -r » *r 4if - IVIO, and 14^y + 3|V6, 

= JV5 - V2, and fV2 + }V3. 



IMAGINARY QUANTITIES. 

CASE I. 
MULTIPUCATION OF QUADRATIC 'IMAGIMARIES. 

1. Multiply 2V— 5 by 7v — 2, and 4^-7 3 by 3V— 2, 

= - 14V10, and - 12^0. 

2. n 6//^ by - 3V"^ and - 4V- H by 3 V^^C, 

= 15^14, and 12^55. 

3. » 2 -i- 3V^=^ by 5 - 7V"^ 

= 10 + 16//^^ - 14 V~^ + 21 V6. 

4. » « + (n+l)V'^^bya + (n-lV"^ 

= a* 4- 2an v"^^ - «' + I. 

5. " a + 6 + aV— c by a 4- 6 — aV — c, 

= a* 4- 2a6 4- 6' 4- a'c 

6. Square a 4- ft 4- o V — c, and a-\-h — anj — c, 

=.a« + 2a6 4- 6* 4- 2o(a 4- V)»f^c - a*c, and a« 4- 2aft 
4-6' — 2a(a + 6)V- c - a*c. 

7. Square a 4- (m 4- «)V— ft> and a — (m 4- n) V — ft, 

= a* 4- 2a(m 4- n)V— ft — ft(TO 4- »)*> and o*- 2a(TO 4- n) 
^ir6-t(TO4-n)*. 

8. Find the product of 3o 4- 2//^c, and 2ft — 2cV-<i 

= 6aft 4- 4ft V^^c — 6acV — c? 4- 4cV<^ 
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EXERCISES IN ALGEBRA. 

CASE II. 
DIYI&ION OF QUADRATIC IMAGINARY QUANTITIJBS. 



1. Divide 6 V - 12 by 3V- 3, and 6 V - 16 by 7V- h 

= 4, and y. 

2. 1/ 13V- 15 by 7a/- 5, and 12^-7 by 8 V*^^* 

= VV3, and iV21. 

3. // 5 + 3V— 3 by 8 + 2 V - 2, 

= ^{16 + V- 3 - lOV- 2 + 6V«}. 
Here multiply both dividend and divisor by 3 — 2^— 2. 

4. Divide 2aV— c by 3cV— a, and »iV— » by n/^—m, 

2 , ^1 / 
= -i^-tJac. and -Jmn. 
3a n^ 

6. '/ 3a + 2xV— 3 by a - 3a: V — 2, 

_ 3a^ + 2ga:V- 8 -f 9qxV— 2 - Bg've 

a)v"" a^ + lSo:^ 

Here multiply lyjtn'^yideiid and divisor by a + 3xV— 2. 

6. Divide ha +^* V — 1,' by .2a + Xiv/^nf, 

■ "" 4a« + x* 

SIMPLE EQUATIONS. 

I. EQUATIONS CONTAINING ONE UNKNOWN QUANTITY. 



1. 


3x-f 5 = 


2x+ 8, 


.•.x= 3. 


2. 


4x- 2 = 


2x^ % . . 


.•.x= 4. 


3. 


6x- 4 = 


2x + 14, . . 


.•.x= 6. 


4. 


2x- 1 = 


6x- 7, . 


.•.x= 2. 


5. 


7x- 5 = 


4x-fl6, . . 


.•.x= 7. 


6. 


9x+ 4 = 


5X + 44, . . 


.•.x = 10. 


7. 


13x - 20 = 


6x4-44, . . 


.•.x= 8. 


8. 


llx 4- 16 = 


9x + 26, . 


.•.x= 5. 


9. 


14x - 17 = 


9x + 13, . . 


.•.x= 6. 


10. 


18x + 16 = 


24X-16, . 


.•.x= 6. 


11. 


16x - 24 = 


13x- 3, . 


.*. X = 7. 
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12. 
13. 
14. 
16. 
16. 
17. 
18. 
19. 
20. 
21. 



28. 
24. 
26. 

26. 

27. 

28. 

29. 

30. 

81. 



8IHPLB EQUATIOKS. 

26ar+ 20 = 30x + 6, . 
19a: - 11 = 16a: + 19, . 
28a- - 94 = 15a: + 10, . . 

29a: - 100 = 6a: + 164, . 
81a:- 50 = 27x + 2, . 
28x-f 16 = 20a: 4- 62, 
20x+ 11 = 13a: + 17, 
43a: - 23 = 17a: + 16, . 
59x - 104 = 42a; + 17, 



3x + 7 
2 


2x + 23 
"" 3 ' 


*^-l 


llx - 61 

" 7 ' 


AxA-S 


5x-2 



> ^*l 




^ ' " 6 ' 

|x - 4 = ix + 8, 

x + 15 

3 
2x-8 



/A 



'1 






+ 1 = X - 14, 



41 

.•.a?= 3. 

.•.x= 10. 

.•.x= 18. 

.•.x= 11. 

.•.x= 13. 

.•.x= 4f 

. • . X = -f . 

.•.x= IJ. 

.•.x= 7A. 

.•.x= 6. 

.-. X = 10. 

.•.x= 28. 

.•.x= 16. 

.•.x= 80. 



= 38 + 1 



1+12 = 1 + 14, . 

^-4-^4.*- — -700 
2 + 3 + 4-12^^^' 

3:^-1-62=^-13, 



2x- 



lOx- 4 
18 



= -1, 



.•.x= 120. 
.•.x= 24. 
.•.x= 23f. 
.•.x= 112. 
.•.x = 69^. 
r.x= 1. 
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4Q EXERCISES IM ALGEBRA.. 

a;4-6a: — 2x4-9 

83. » + ^ + ^- = 4 •.x = i±* + i. 

X X X ^ a 

«*• i+^+i = ^ ••^=«- 

35. — . 7 — = x-^dy . . . .•.x = -(a+6). 
o 6 c . __ g»P + ^^P — <^^ ^ 

c f . _ df--_ac_ 

^^' rf-i- ex ~ a~-r^' ^ "" ^- */* 

c __ f , _hc-fe 

^^ 5x-2 7x-7 66-5X . ^-q 

40. 4x_,252--5x^_69^^ ^ ^ ^ ...x = 49AV 



41. x + 



17 3 2 ' • 

14 - X 21 - X 



-S"- 2 ' 



.o ^ 5x -f 4 _ 4x - 9 

^^' 2 3~-"~T~' .... 

43. 8(2x - 2) + 3(3x - 8) = 7(2x - 4) -f 32, 

2x4-3 x + 1 _ ^ _ 63? -f 2 _ 4x 
**• 4 "^""6^ 16"" 3 3' 

,^ 3x-l,3 — X 2x-2 x-;5_ 
4o. — 2— + -4 3"""^""^"-^' 

^,. 3x-5 7x4-3 8X + 19 

46. — f 16- = — 8 ®'' 

,^ llx+12 , 19x4-3 ,17x- 17 _ 5x- 25^ 

47. _^^_ + — ^- + — 2j —^— + 28^ 

.•.x = 8. 



x = 4. 
x = 4 

x = 7 

x = 7 
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8IMFLB EQUATIONS. 

, A^ Soi . ^ 2c.r „ , 4oc . Sac 

1-48. -^ + 6c2:--^=:2a6-^- + — -, 



49. 



6 
36a: - o« 



. a: = 



43 

70/i6— 3fl« 



+ (a - 6> = 



6 ^ 4 ' • * * 320c 

66x — 6o* 6.r + 4a 



2a 



.*. X = 



4ai« - 10a 



KA I *a: + 4a 66x — 6a* ,, , , 
60. ax H ;^ = ab- + bx — 



4a -36 • 

dbx - a* ' 



2a 



.*. X = 



^ " 7a: -f 5 . 9a: - 1 a: - 9 2a: — 8 „^ 
^^- ^3- + -l0 6- + -l5-* = 23, 



52. 



7x + 9 _ 9a; --13 _ 8x + 1 _ 9a; - 249 



14 



3a: + 3 . 7a: + H 7a: + 1 « 
^^- -l6~+^6 20-=^' • 

_ 2a: -fl 402 -3a: 6a- -11 ^„, 
"'• ~^9 12- = -2— -22^' 



65. 10(a:-f J)-6x(^^-i) = 23, . . . 

56. i:r + K^-8)-f V = i(^ + 6), . . 

57. A(9a: + 2) - J(l5a: - 18) = +(12x - 20), 

68. J(* + f^)~^(2a:-J)-l^ = 0, 
2a: - 16 x/e 



59. 4(Ja: + 4) + - 



-6\- ^^' 



60. 1|X {30-(| + 26)} = l-J-X{2f + ^}, 



2a(2ft«- 6 ) 
4a - 36 ' 

.•.a:= 19. 

,\x=z 9. 

.•.x= 7. 

.•.x = 72. 
.•.x= 2. 
.•.x=12. 
.-. X = If. 
.•.a:= f. 
.•.a:= 3. 
.•.x=: 4. 



WHEN THE UNKNOWN QUANTITY IS UNDER A RADICAL SIGN. 

1. V(* + 4) = 8, . . . . . . .•.x=6a 

2. V(3a; + 4) = 6, •, x = 7. 

8. V(2x + 16) = 7, -.a: =17. 
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44 EXERCISES IN ALGEBRA. 

4. 6 + V(7x + 8) = 13, -.0:= 8. 

6. 7 + V(4a: + 5) = 12, -.0:= 6. 

6. 9 + 2V(5a:+4) = 23, . . . . .•.x= 9, 

7. 3 + 6V(a: + 4) = 28, ... .-. a: = 21. 

8. 3>>J^(4a: + 7) = 9, •. a: = 6. 

9. 7Vaa: - 6) = 14, •. x = 16. 

10. 4->5/(5a: - 9) = 36, •. a: = 147f 

11. ^/{ax — hx) = c, •. a: = r. 

a — 6 

12. a + :r-V(a'' + :<:') = 6, . .•.x = |{2+^}, 

18. V(4a + a:) = 2V(6 + :t)- V:«^, • •••^^fer' 

9^ 

14. V^+ Va— V(aa:4-ar^)= Va» • • .-. ar = — . 

16. 2 V(a + a:) + V(a - a:) = V* - a: + V(a* + J0> 

_ 64a 
•'•^~ 1025* 

Here square the equation as it stands ; cancel from both sides 
a^ x; then divide both sides by V(« + a:), and it will be reduced 
to the following 4V(« + a:)=Va:— 4v («— a?) ; which again square, 
and the result will reduce to 31x = — 8 V(«a:— a:*), from whidi the 
answer can easily be found. 

16. V(4o + x) = 2V(ar-2a)- V(a + a:), . r,x = ^. 

17. V(a + a:) 4- V(a - x) = 04/(0" - aF), 



• • -^ ~ 6* - 2 

Squaring, we have a 4- ar + a— ar + 2»/(a^—x^ = 6V(«*— ^> 
hence, (6' - 2)V(a'* - x"^ = 2a, 

From which x^ = ^^, J^y = ^y . gy ffl - *)» ^o^ 

which the answer is evident. 
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SIMPLE EQUATIONS. 45 

18. V(l + x-fa:^) + V(l-x + a^ = aar, ... x = ^aJ^^^^. 

Squaring and collecting the terms, we obtain 

2V(1 + a:« -f T*) = (a* - 2)x* - 2. 
Again, squaring, &c., a\a^ — 4)x^= 4:(a^ — 1) ; 
, , 4(a« - 1) 2/a« - IX* 

19. « + x4-V(2n. + ^ ^ ^ ...x = JL(,-l)'. 
n + a;— V(2n -fa:*) 2»i^ ^ 

Por m^ write its equal — -; then subtracting and adding the 
denominators and numerators on both sides, we obtain 

n-\- X "" »i* 4- 1* 
Squaring, it becomes 

2«ar + a* (wt' - Vf 

7i2+2na: + x* ~ (w* + Vf 

1 n^ _ (rn'-y)\ 

""' (« + x)«-K4-l)*' 



• • (« + ary (m« + ly - (w« + 1/ 

Inyerting both sides, and extracting the square root, we have 
g 4- n __ m' + 1 a: _ TO^ - 2m + 1 _ (m - 1)' 
n "" 2iw ' ^'^ n "~ 2wi ~ 2f» ' 

n + /^(2nx ^ or) 1 + m 

After proceeding with this exercise ia the same manner as the 
last, we wlU obtain 

2na: - a:* _ (m - 1)^ 

n^ - (to + ly' 

Subtract both sides from 1, and reduce them to the form of a 

fraction ; then ^^ — = -. — r-T^» fro™ which the answer 

' r? (fn + iy 

can easily be obtained. 

Digitized by CjOOQIC 



46 EXERCISES IN ALGEBRA. 



h 

Squaring both sides, cancelling the common term aV, and then 
diriding both sides by h, we have 



,^(abx + 4aV + h^2ab + 9aV0 = 2aa: + 5. 

Again, squaring both sides, cancelling the common teim 4a^a:', 
transposing ahx, and then dividing both sides by 5, it becomes 

^J(2ahx + 9aV) = Soar + 6 ; 
hence, 2aia: + 9aV = 9aV + Qahx + 6*, 

••. 4a6a? = — 6^ ; whence, a: = — r—« 

4a 



PROBLEMS PnODUCINa SIMPLE EQUATIONS. 

1. What number is that which being multiplied by 8, and 
21 added to the product, the sum will be 93 ? . . . = 9. 

2. Find the number to which 86 being added, the sum will be 
5 times the number, and 14 more, =18. 

3. Divide 36 into two such parts that the greater shall exceed 
the less by 10, = 23 and 13. 

4. What number is that which being increased by 6, and also 
multiplied by 6, the product shall be 4 times the sum ? =12. 

5. What number is that which being increased by its third and 
fourth parts, the sum will be the excess of 62 above the number ? 
a: + ^ar + Jx = 62 — X, =24. 

6. £1200 is to be divided between A, B, and C ; A is to have 
JC60 more than B, and B £30 more than C ; required the share of 
each, ... A = £450, B = £390, and C = £360. 

7. A*s age is double of B's, C's is triple of B*s, and the sum of 
all their ages is 150 ; find the age of each, 

A*s age = 60, B*8 = 26, and C*s = 75. 

8. My watch and chain are together worth £36, and tlie watch 
is worth six times the chain ; find the value of each, 

Watcli worth £30, and chain £5. 

9. There is a person whose age is now just double that of hig 
son ; but twenty years ago, his age was three times that of his son ; 
required the age of each, . The father's age = 80 ; the son's = 40. 
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10. At an election, 2143 persons yoted, and' the successful 
candidate had a majority of 193 ; what number voted for each ? 

For the successful, 1168; for the unsuccessful, 975. 

11. From two towns, which are 187 miles apart, two travellers 
set out at the same time with the intention of meeting. One of 
them goes 8 miles, and the other 9 miles a day ; in how many- 
days will they meet ? = 11 days. 

12. A gentleman meeting 4 poor persons, distributed 5 shillings 
amongst them : to the second he gave twice, to the third thrice, 
and to the fourth four times as much as to the first; what 
did he give to each ? . = 6, 12, 18, and 24 pence respectively. 

13. A gentleman bequeathed a legacy of jC140 to three servants. 
A was to have twice as much as B, and B three times as much as 
C ; what were their respective shares ? 

A's share = JE84, B's = £42, and C's == £14. 

14. Four merchants enter into a speculation, for which they 
subscribed £4755, of which B paid three times as much as A, 
C paid as much as A and B, and D paid as much as B and C ; 
what did each pay ? 

Let X = the pounds that A paid, then 3a: = the pounds that 
B paid, ix = the pounds that C paid, and Ix = the pounds 
that D paid; .*. x + 3r + 4x -f 7a: = 4755; hence, 
X = 317, 3a: = 961, 4a: = 1268, and 7a: = 2219. 

15. A draper bought three pieces of cloth, which together 
measured 144 yards. The second piece was 15 yards longer than 
the first, and the third 24 yards longer than the second ; what was 
the length of each ? 

The first = 30 yds., second = 45 yds., and third = 69 yds. 

16. A person employed 4 workmen : to the first of which he 
gave 2 shillings more than to the second ; to the second, 3 shillings 
more than to the third ; and to the third, 4 sliillings more than to 
the fourth. Their wages amounted to 32 shiUings; what did 
each receive ? 

They received 12, 10, 7, and 3 shillings respectively. 

17. A sum of money was to be divided among 6 poor persoiys : 
the second received lOd., the third 14d., the fourth 25d., the fifth 
28d., and the sixth 33d. less than the first. Now, the whole sum 
distributed was lOd. more than the treble of what the first 
received ; what did each receive ? 

They received 40, 30, 26, 15, 12, and 7 pence respectively, 
and the sum distributed was 10 shillings and 10 pence. 
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18. A farmer has two flocks of sheep, each containing the same 
numher. From one of these he sells 39, and from the other 93, 
.and finds just twice as many remaining in the one as in the other ; 
how many did each flock originally contain ? . . = 147. 

19. Bought 24 yards of cloth for £21, 8s. For part of it I paid 
19 shillings a yard, and for. the rest 17 shillings a yard; how 
many yards of each were hought ? 

Let X = the number of yards at 19 shillings, then 24 — ar 
= the yards at 17 shillings ; hence, 19a; = the price of the 
doth at 19 shillings per yard, and (24 — ar) X 17 = the 
price of the cloth at 17 shillings per yard, both being 
expressed in shillings; their sum will therefore be the 
whole price in shillings = 428 ; hence, 
19x + 17(24 -a:) = 428; 
whence, 2a: = 20, and a: = 10 ; .*. 24 — x = 14. 

Therefore there were 10 yards at 19 shillings, and 14 yards 
at 17 shillings. 

20. Divide the number 197 into two such parts, that four times 
the greater may exceed five times the less by 50. 

Let X = the greater, and 197 — a: = the less, then 

4ar - 6(197 - x) = 50; .-. x = 116, and 197 - x = 82. 

21. What number is that whose third part exceeds its fourth 
part 16? 

Let 12x = the number, then 4x = its third part, and 3x = its 
fourth part ; hence, 4x — 3x = 16, or x-^ 16 ; 
.•.the number 12x = 12 X 16 = 192. 

22. Divide the number 68 into two such parts, that 84 
diminished by the greater, may be equal to three times 40 
diminished by the less. 

Let X = the less, then 68 — x = the greater ; 

.-. 84 - (68 ~x) = 3(40-x); hence, 16 + x=120-3x, 
and 4x = 104 ; .-. x = 26, and 68 — x = 42. 

23. A courier, who travels 50 miles a day, had been despatched 
5 days, when a second was sent to overtake him, in order to do 
which he must go 75 miles a day ; in what time will the second 
overtake the first ? 

Let X = the number of days the second courier travels, then 
X + 5 = the number the first travels ; . * . 76x = the miles 
the second travels, and 50(x + 5) = the miles the first 
travels. 

But when the second overtakes the first, they will hare 
travelled over the same distance ; 

.'. 76x = 50(x + 6), and ••. x = 10 days. 
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24. A gentleman bequeathed £210 to two 'servants : to one he 
left half as much as to the other ; what did he leave to each ? 

Let 2x = what the first received, then x = what tlie second 
received; 

.•.2a: + a: = 3a: = 210; 

hence, a?*= 70, and 2x = 140. 

25. A prize of £864 was divided between two persons, A and B, 
whose shares therein were In the proportion of 5 to 7 ; what was 
the share of each ? 

Let 5x = A's share, then 7x = B's share ; and 

.-. 6a; 4- 7a: = 864 ; hence, x = 72. 
Therefore A's share 5x = 360, and B's share 7a: = 604. 

26. A sum of money is to be shared between A and B, in such 
a manner that as often as A gets £10, B shall get £7 : now, A 
received £80 more than B ; find the simi shared, and the share 
of each. 

Let 10a: = A's share, then 7a: =: B's share ; hence, by the 
question, 10a: — 7a: = 3a; = 30 ; .•. x = 10. 

Therefore A's share = 10a: = £100, B's share = 7a: = £70, 
and the whole sum shared = 17a: = £170. 

27. A sum of money was divided between two persons, A and 
B : A's share exceeded five-ninths of the whole by £50, and A's 
share was to B's as 5 to 3 ; what was the share of each ? 

Let 5x = A's share, then 3a: = B's share, and the whole 
simi = 8a: ; hence, 5a: = -183: + 60, 

or a: = fa: -f 10; .-.3: = 90. 

And A's share = 6a: = £460, B's share = 3a: = £270. 

28. A*s money is to B's as 9 is to 6, and A's money exceeds 
B's by £120 ; find the money of each. 

Jf A's money be represented by 9a:, then B's will be 6x, and 
their difibrence will be 4x ; 

.-. 4a: = 120 ; hence, x = £30. 

Therefore A's = 9a: = £270, and B's = 6a: = £150. 

29. A bankrupt owed to two creditors £560 : the difference of 
the debts was to the less as 4 to 5 ; what were the debts ? 

Let 4a: = the difference of the debts, then 6a: = the leas, and 
9a: = the greater ; 

.-, 6a: + 9x = 14x = 660 ; hence, x = £40. 

Therefore the debts are £200 and £360. 
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80. In a mixture of wine and brandy, half of the whole + 15 
gallons was wine, and one-third of the whole — 3 gallons was 
brandy ; how many gallons were there of each ? 

Let 6a; = the number of gallons in all, then do; + 15 = the 
number of gallons of wine, and 2a: — 3 = the number of 
gallons of brandy ; 

.•.6a: = 3a: + 16 -f 2a:- 3; 
hence, transposing, x — 12. 

Therefore 3x -f 15 = 61 gallons of wine, and 2a: — 8 = 21 
gallons of brandy. 

81. From each of 16 equal coins an artist filed the worth of 
half-a-crown, and then offered them in payment for their original 
value; but being detected, the pieces were found to be really 
worth no more than 12 guineas in all ; what was their original 
value ? 

Let X = the number of sixpences each was originally worth ; 
.*. or- 5 = the sixpences each was worth after filing; 
.•. 16(a: — 6) = 504, the sixpences in 12 guineas; 
hence, x = 36|- =18 shillings and 3 pence. 

32. A and B make a joint-stock of £870, which, after a 
successful speculation, produced a clear gain of £174. Of this, 
A received £36 more than B ; what did each person contribute to 
the stock ? 

Let X = the sum A contributed to the stock, 

then 870 \x\\ 174 : A's gain = \x ; 

.-.B'sgain = ^ — 36, 
and \x -f \x — 36 = 174. 

From which x = A's stock = £525, 

and B's stock = 870 - 625 = £345. 

33. A has £800, and B £580 ; what sum must B give to A in 
order that A may be twice as rich as B ? 

Let x = the sum sought, then 

800 + a; = 2(580 — x), or 3a: = 3G0 ; 
.-.a: = £120. 

34. A has £600, and B £460 ; if A increase his capital by £4 
per month, and B increase his by £1 per month, in how many 
months will A be twice as rich as B ? 

Let x = the months sought, then A will increase his capital 
by 4a; pounds, and B will increase his. by x pounds ; 

.-.600 + 4a: = 2(460 + a:). 

From wliich a: = 160 months, the time sought. 
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'85. A gentleman gave in charity £46, a part of which he 
dlitribated in eqnal portions to 5 poor men, and the rest in eqnal 
portions to 7 poor women. 19ow, a man and a woman had between 
them £S ? what was given to a man, and what to a woman ? 

Let X = the sum given to each woman, then S — x = the 
sum given to each man ; 

r.7x + 5(8 — a:) = 46 by the question. 

Therefore a: = £3, a woman's share ; and 8 — a: = £5, a 
man*s share. 

36. Divide the number 49 into two such parts, that the greater 
increased by 6 may be to the less diminished by 5 as 7 to 3. 

Let x = the. less, then 49 — ar = the greater ; hence, the 
greater increased by 6 = 55 — a:, and the less diminished 
by 5 = a: — 5 ; 

.*. 65 — a::x — 6 :: 7:3; 

hence, 7a: — 35 = 165 — 3x, or lOx = 200. 

Therefore x = 20, the less ; and 49 — a: = 29, the greater. 

37. A, B, and C make a joint-stock : A puts in £60 less than 
B, and £68 more than C ; and the sum of the shares of A and B 
is to the sum of the shares of B and C as 5 to 4 ; what did each 
put in ? 

Let X = what A put in, then a: -f 60 = what B put in, and 
a: — 68 = what C put in ; then 2ar + 60 : 2a: — 8 : : 6 : 4, by 
the question, from which x = 140. 

Therefore they put in £140, £200, and £72 respectively. 

38. The hold of a ship contained 442 gallons of water. Tliis 
was emptied by two buckets, the greater of which, holding twice 
as much as the other, was emptied twice in three minutes, and 
the less three times in two minutes, and the whole time of 
emptying was 12 minutes ; required the size of each. 

Let X = the gallons the less held, then 2x = the gallons the 
greater held ; then, since the less was emptied three times 
in 2 minutes, it would be emptied 18 times in 12 minutes, 
.'. 18ar = the gallons emptied by the less ; and the greater 
being emptied twice in 3 minutes, would be emptied 8 times 
in 12 minutes, .'.8 X 2a: = 16a: = the gallons emptied by 
the greater ; hence, by the question, 

(18ar + 16a:) = 34a: = 442 ; .'. a: = 13. 

Hence, the less held 13 gallons, and the greater 26 gallons. 

39. A besieged garrison had such a quantity of bread as would, 
if distributed to each man at 10 ounces a day, last 6 weeks ; but 
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having lost 1200 men in a sally, the goyernor was enabled to 
increase the allowance to 12 ounces per day for 8 weeks ; required 
the number of men at first in the garrison. 

Let X = the nmuber of men at first in the garrison, then 
7 X 6 X 10a: = the ounces of bread ; also x— 1200 = the men 
remaining after the sally, and 7 X 8 X 12(a; — 1200) = the 
otmces of bread. But the quantity of bread was the same 
in both cases ; 

.•.96(a:- 1200) = 60ar, 
or 8ar — 9600 = 5x ; 

.'.3x = 9600, and a: = 3200. 

40. Divide the number 198 into 5 such parts, that the first 
increased by 1, the second increased by 2, the third diminished 
by 8, the fourth multiplied by 4, and the fifth divided by 5, may 
be all equal. 

Suppose that x = the common result obtained by performing 
the operations mentioned in the question, then the first wUl 
evidently = a; — 1, the second a: — 2, the third a: + 8, the 

fourth 7, and the fifth 5x ; 

^ X 

r.x-l+X'-2+x + S + - + 6x= 198, 

or 8Jar= 198; .-.3; = 24. 

Therefore the numbers axe 23, 22, 27, 6, and 120. 



II. SIMPLE EQUATIONS CONTAINING TWO UNKNOWN QUANTITIES. 

1. x-\-3i/= 9, 3x-\- 2y= 13, .*. a: = 3, y = 2. 

2. 3ar+ y= 24, 4a: + 6y = 65, ,',x= 5,y= 9. 

3. a: + y = 10, 2a: — 3y = 5, .*. a: = 7, y = 3. 

4. 3x + 7y = 99, 11a: — 6y = 87, .*. x= 12, y = 9. 
6. 3x--6y= 0, 2a: + 7y = 124, .\x= 20, y = 12. 

6. 4a: + 9y= 46, 8a: — 13y = 30, .-. a: = 7, y = 2. 

7. 9a:--4y= 8, 13a: -f 7y = 101, .•.a:= 4, y = 7. 

8. 45a: — 8y = 500, 13ar + 21y = 261, .'.x= 12, y= 6. 
9- *a: + Jy= 18, ^x - iy = -1, .-.3:= 24,y=18. 

10. ia: + iy= 26, ia:+ ly= 25, .'. x = 144,y = 72. 
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13 lo-f-y + i Lny + ^- ^y-^ -i-i 



a: = 5, y = 9. 
X = 8, y = 6. 



14. 2£+± + | + 2 = 12,5^ = U-.|, 

.-.ar = 8,y = 4. 

15. aa:=:6y, ar+y = c, . . •'• * = r-TT. y = 



a + 6' ^ a + 6' 

16. cue + by =z m, (fx + l>y = »i', 

17. ^+y = a,- + iL=:6, 
TO n n TO 

__ TOn(5m — an) _ TOn(aTO ~ 6n) 

jn^^n* ' ^ IT? — n* 

18. oa: — iy = a*, hx — ay =. 6* 

a'' + 06 + 6* oft 

.'. a: = — , and y = . 

= H% + 6}, •.a: = 7,y = 4. 

20. <^- + ay) = a.y(l),. ^^^^^ 

c(aa: - 6y) = hxy (2),) ^ 

Diyide each of the equations by cxy, then they become 

- + - = -... (1), and = - ... (2). 

y X c ^' yarc ^' 

Again, mnltiplj (1) bj a, and (2) bj by and they become 

= — ... (1), and = — ... (2). 

y X c ^ ^ y X c ^ <» 

Subtracting^ — ' — = ; .'. x = -^—^.c 

In the same manner, bj multiplying (1) by b, and (2) by a, and 
adding, we find that y = , . c. 
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III. SIMPLE KQUATIONS CONTAINING THREE OB MOKE UNKNOWN 
QUANTITIES. 

. • . a: = 5, y = 3, and z = i. 

2. 2:c + 3^ + 4« = 61, 3a: + 2y + « = 64, 5x - 2i/ + Sz = 58, 

.-. a: = 12, y = 7, and « = 4. 

3. 4x - 3y 4- 2;c = 28, 3x + 2y - 5z = 16, 2a: + y — 3^ = 10, 

.-. a: = 10, y = 8, and z = G. 

4. 2a; + 7y-ll^=10, 5x-10y+3«=-15, -6x + 12y-5=31, 

.'. X = 8, y = 7, and « = 5. 

5. a:+y + ^ = 29,a: + 2y + 3«=62,|4-| + | = 10, 

.-. ar = 8, y = 9, and z = 12. 

6. a: + 2y + 3:r = 62,a: + 3y + 4;r = 70,|4-| + | = 6, 

.'. a: = G, y = 8, and z = 10. 

4a: 4- 3y + ^ y + 2^ — J? + 1 _ ^ , a: ~ g - 5 
^' To 16 ""^"^ 5 ' 

9ar + 5y - 2z _ 2a:+.y-3g _ 7jf + ^ + 3 

12 4 "" 11 "^^' 

% + 3xr 2x 4- 3y - ^ , „^ _ ,, . . 3a: 4- 2y + 7 
__ J- + 2. - y - 1 4- g . 

Here multiply the first equation by 30, the least common 
multiple of the denominators 5, 10, and 15 ; then 

Multiply the second by 132, the least common multiple of the 
denominators 12, 4, 11, and 6 ; and lastly. 

Multiply the third by 12, the least common multiple of the 
denominators 4, 12, and 6. 

Having performed these multiplications, transpose the resulting 
equations, and they will be reduced to the following three : — 



8a: 4- 5y 4- 5z - 122, ^ (x = 9, 

and 8ar 4- 4y - Biz = — 2. j 



33x - 62y 4- 65^ = 58, > From which 



/a: = 9, 

lich ^ y = 7, 

(2 = 3. 
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8. ayV = a, s^z = ft, x^yn? = c. 

To find a:, divide the cube of the third equation by the second, 
and the square of the third by the first, which gives 

—. = -J-j- = arV, and — = — ^ = j:*2. 

Again, divide the fifth power of the latter result by the former, 
and we have 



hfence, ar = M-j . 



To find y, divide the square of the second equation by the 
third, and then the cube of the second by the first, which gives 

Again, raising the first of these results to the fifth power, and 
dividing it by the second, gives 

x*/ - c* "^ 6» » ' • ^ ~ c» ' 



lience, y = s^-^. 



To find Zf divide the cube of the first by the third, and the 
square of the first by the second, which will give 

— = fz\ and -^ = yz*. 

Again, divide the fifth power of the latter result by the former, 
and we have 

y!f !1 — ^ c _ d'c 
'^z' " b' ^ a^" b'' 

.'.z'* = ^; hence, « = Jg-^. 
Therefore x = J^-^, y = J^^, and z = 5^^. 
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9. xyz = 231, xyv = 420, yzv = 1540, xzv = 660. 

To solve this exercise, multiply the four equations together, 
which wiU give 

;^fs?v^ = 2« X 3' X 5* X 7' X 11*. 

Extracting the cube root, 

xyzv = 4X3X5X7X11 = 4620, 

which, being divided successively by the third, fourth, first, and 
second equations, gives 

a; = 3, y = 7, V = 20, and z = 11. 



QUESTIONS PRODUCING EQUATIONS WITH TWO OR MORE UNKNOWN 
QUANTITIES. 

1. Find two numbers whose sum is 50, and whose difference 
is 16, = 33 and 17. 

2. Find two numbers such that the greater is to the less as 
their sum is to 10, and as their difference is to 2, =9 and 6. 

3. Find a fraction such that if its numerator be increased 
by 3, the value will be \ \ and if its denominator be diminished 
by 8, the value will be \. 

Here = J, and = 4 ; . • . the fraction is = •*•. 

y y — 3 ^' ^ 

4. There are two numbers such that if twice the less be added 
to the greater, the sum will be 18 ; and if three times .the greater 
be diminished by the less, the remainder will be 19 ; find the 
numbers. 

Here x '\-'iiy'=i 18, and 3a; — y = 19 ; .*. a: = 8, and y = 6. 

5. Find the fraction, to the numerator of which if one be added 
it shall = \ \ but if one be added to the denominator, it shall 

Here ^-±-i = J, and — ^ = ^', .-,. the fraction = ^. 

6. Two pieces of cloth, measuring together 57 yards, were sold 
for £36 ; the first was valued at 15s. per yard, the second at 10s. ; 
what were the number of yards in each piece ? 

Here ar + y = 57, and 15a: + lOy = 720 shillings ; 

.'.a: = 30, andy = 27. 

7. The ages of two persons are such, that if to the sum of their 
ages 22 be added, the sum wiU be double the age of the elder ; and 
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if 1 be taken from the difference of their ages, the remunder will 
he the age of the younger ; what are their ages ? 

Let X = the age of the elder, and y = the age of the younger ; 
then X + y + 22 = 2x, and x — y — 1 = 1/; 

hence, a; = 43, y = 21. 

8. The sum of two numbers = 12, and the difference of their 
squares = 72 ; what are those numbers ? 

Here x + y = 12, and a:* — ^ = 72 ; divide the second 
equation by the first, and the quotient is ar — y = 6 ; 

.'. a: = 9, andy = 8. 

9. Find two numbers whose simi is to their diffference as 3 is 
to 2, and whose difference is to their product as 1 is to 5. 

Let X = the greater, ahd y = the less ; then x + y : x—y : : 3 : 2, 
and X — y : a:y : : 1 : 6 ; from which x = 20, and y = 4. 

10. There are two kinds of gunpowder, one worth Is. per lb., 
the other worth Is. 3d. per lb. ; how many pounds of each must 
be taken, so that a hundredweight of the mixture may be worth 
£6, 10s.? 

Let X = the number of pounds at Is. per lb., and y = the 
pounds at Is. 3d. ; then x + y = 112, and x + l^y = 180 ; 

.•.x = 40, andy = 72. 

11. A purse holds 19 crowns and 6 guineas. Now 4 crowns 
and 5 guineas fill ^ of it ; how many will it hold of each ? 

Let X = the number of crowns it will hold, and y =the guineas ; 

4 
then X ; 4 : : 1 : the space occupied by 4 crowns = -, 

and y : 5 : : 1 : » // f 6 guineas = - ; 

hence, - + - = if, or multiplying by 6, — + ~ = W» 

and u-=i 'f tt 6, = W. 

X ^y ' ' X ^ y ^^ 

From the latter equations, we easily find x = 21, and y = 63. 

12. There is a number expressed by two figures, the sum of 
whose digits is = 13 ; and if 27 be subtracted from the number, 
the digits will be inverted ; what is that number ? 

Let X = the digit in the place of tens, and y = the unit's 
digit ; then x + y = 13, and lOx + y - 27 = lOy + x ; 

. • . the number = 85. 
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13. Divide £200 among three persons, A, B, and C, bo ithat 
twice A's share + £80, three times B's share + £30, and fotiflf 
times C's share + £^0, may be all equal to one another. > 

Let X = A*8 share, y = B's share, and z = C's share ; thert 
x+i/ + z = 200, and 2x + 80 = 3y + 30 = 4« + 40 ; 
.'. a: = £80, y = £70, and z = £50. 

14. A's money, together with twice that of B and C, amounts 
to £1050 ; B's, together with thrice that of A and C, amounts to 
£1400 ; and C's, together with four times that of A and B, 
amounts to £1650 ; how much money had each ? 

The equations are ar + 2y + 2<? = 1050, 3x -^ y + 3z = 1400, 
and 4a: -f- 4y + « = 1650 ; 

.'.x= 150, y = 200, « = 250. 

15. Find three numbers such that the sum of the first and 
second shall = a, the sum of the first and third shall = h, and the 
sum of the second and third shall = c. 

liet X = the first, y = the second, and z = the third ; then 
ar4-y = a, a:4-2: = 6, and y -|- 2 = c, and half their sum 
gives a: 4- y + 2 = ^(a -j- 6 + c), from which, subtracting 
each of the original equations, we obtain x = J(a -\- b—c), 
y = J(a 4- c — i), and z = J(6 + € — 0). 

16. Find three quantities such that the product of the first and 
second, divided by the third, shall = a ; the product of the second 
and* third, divided by the first, shall = b ; and the product of the 
third and first, divided by the second, shall = c. 

Here xyz~^ = a (1), x'^yz = b (2), and xy'^z^c (3) ; 

(1) X (2), gives f = ab',r,y=z^ab; 

(2) X (3), n z^ z=bc; .',z ^ A/bc; 
and (3) X (1), » ar* = ac; .•. a: = t/ac, 

17. Find three numbers such that the product of the first and 
second, divided by their sum, shall = ^ i ^^® product of the second 
and third, divided by their sum, shall = y ; and the product of the 
first and third, divided by their sum, shall = f f . 

Here since the product of the first and second, divided by their 
sum, = *^ ; their sum, divided by their product, = ^ = |. J j and 
performing the division on the first side, we obtain 

Similarly, - + - = JJ, 

and i + i = ^^' 

from which a; = 4, y = 6, and z = 9, 
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-it il8.- A farmer mixes barley at 28. id. a bushel, with lye at 38. a 
Vpfihel, and wheat at 4s. a bushel, so that the whole is 100 bushels, 
and worth 3s. 4d. a busheL . Had he added as much rye as before, 
fmd 10 bushels of wheat to the former quantity, the whole would 
have been worth exactly the same per bushel as before ; how much 
of each kind of graui was there ? 

Let X = the bushels of barley, y = those of rye, and z = those 

of wheat ; then express the price of each in fourpences, and 

we hare the following equations : — 

a: +y + z = 100, 7a: + % + 12z = 1000, 
9y + 12X 10 = 10(y4- 10); 
whence, a: = 28, y = 20, « = 52. 



QUADRATIC EQUA 



TIONa 



1. ar^ + 7 = 88, 

2. 3c» - 15 = 10, . 

3. a:* + 9 = 58, 

4. r*- 90 = 31, . 

5. a:2 + 7ar=7(a: + 3) + 4, 

6. a<a: + 4) = 4a: + 16, 

7. 9a:* + 4a: = 4(a: + J), . 

8. 4a* + 6a: = 2(3a: + 8), 

9. a:* + 6a: = 40, 

10. ar'~8a: = 84, . 

11. Bx' - 12a: = 96, . 

12. 6x* = 20x + 25, 

13. 7^^ + 28a: = 224, . 

14. a» + 7a: = 12f , 

15. a»~8a: + 12 = 0, 

16. a»- 20a: + 96 = 0, 

17. :t» - 2a: - 120 = 0, 

18. a»-J-3x-64 = 0, . 



.•.a:= ± 9. 

.•.a:= ± 6. 

.•.x= ± 7. 

r.x= ±11. 

.'.x= ± 5. 

.•.x= ± 4. 

.•.a:=± h 

.•.a:= ± 2. 
. X = 4, or — 10. 
. X = 14, or — 6. 
. a: = 8, or — - 4. 
. x = 5, or — 1. 
. a: = — 8, or 4. 
. a: = 1^, or — 8^. 
. X = 2, or 6. 
. X = 12, or 8. 
. X = 12, or — 10. 
. X = 9, or — 6. 
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19. jc» -Uar- 120 = 0, . . . .'.a: = 20, or- 6. 

20. ar* - 8a; = 180, .>• t^^yK. •'• ^ = ^^' *^' "" ^^• 

21. a<x - 6) = 204, •/ ' . ^^^^'^S •'* '^ ^ ^'^' °' ^^' 

22. <a: + 8) = 180, .f ' .,. V \ • :. }Tj .', x = 12, or - 16. 
28. a<a: + 4) = 192, ' x^\ , ^ V ^^ -' .'. x = 12, or - 16. 
24. <«-6) = 600, . .- '. .-.a: = 26, or -20. 

. ,',x=z 7, or — 13. 

.•.a: = 13, or— 8. 
.•.x= 6, or 1. 
.•.x= 14, or — 16. 
. .•. a? = 7, or f. 

.•.a:= 6, or — 2. 

.•.a; = 16, or- 20. 

.•.x= 3, or— |. 
. .•.ar= 8, or — 8-7. 

.•.ar = 8± V601. 

.•.a:= 2, or - 3. 

.-. a: = 2 ± V6. 
. .-. a; = 11, OT - 13. 

.•,ar= 2, or 4^ 



26. 


<- + «)-13, . . 


26. 


12 -8*» • • 


27. 


a:* - 7a: + V = i» 


28. 


^ + a: -40 = 170, . 


29. 


6x+»«;«^-H . 


30. 


94. 
a; + ^^ = 3a: - 4, 


31. 


«^ +1 = ??, . . 
X + 4 + ' x' 


32. 


x-¥2 4-x_ 
a:-l 2a: *' 


33. 


4a: , a: - 5 4x + 7 
9 "^ a: + 3 ^ 19 ' ' 


34. 


xie .I3 + * "' 


85. 


^ ,»^ + i_.. 


x + l ' :c - •' • 


36. 


X - 1 I + 1 - ^' 


37. 


1 1 _ , 


«-l 1 + 3-"'- 


38. 


12 , 8 32 
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39 6fL±i + 5*-*_2. . .-4.1 

«• ^ + 2 - j-j-g = 1, . . . .•.x = l,or- 4. 

42. a? + x + l = ^^, ' . . .■.x = 2,or- 3. 

Note. — In 41, for a: + 2 write, z, and the equations become, 
after clearing from fractions and transposing, 

s* — « = 6, from which a = 3, or — 2 ; 

.*. a: + 2 = 3, or — 2, and x= 1^ or -- 4. 

In 42, let a:^ + a: = z, and the equation becomes 2 + 1 = — ; 

z 
hence, z^ -{. z = 42, from which « = 6, 

therefore, also, a:* + x = 6 ; .'. x = 2, or — 3. 
*^- ^T^-=V. •.x = 8,opi. 

(x — IV 

4^- ^^nr = H, •.a: = 6,ori. 

In 43, divide the numerator and denominator of the first side 

1 + 2x + X* 

by 1 + ar, and it becomes -^—5- = V : then clearing from 

1 •— a? + ar 

fractions and reducing, it can be solved in the common way. 

Also, in 44, divide the numerator and denominator of the first 

-g2 2a: 4- 1 

side by X — 1, and there results, the equation —s-- 7^-— = 4f , 

or-t- X -f- 1 

which being cleared from fractions can be solved as before. 
45. «• -19x* = 216, •.x = 3, or-2. 



46. 3a:« + 423:* = 3321, . . . .-. x = 3, or.^- 41. 

In 45 and 46, observe that the given equations are quadratics, 
in which x* is the unknown quantity ; hence, solve the equations 
for x', and then extract the cube root of each of the resulting 
values for the values of x. 
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47. V(a: + 12) + -^(x + 12) = 6, . . .-. a: = 4, or 69. 

Let the ^(x + 12) = ± z, then >^(x-\- 12) = 2*, and ar +12 = z\ 
and the equation becomes z^ -\- z=: Q, from which the values of 
X given above can easily be found. 

48. a:'' + 11 + ^Q^ + H) = 42, .-. a: = ± 6, or ± V38. 

Let V(x' + 11) = ± «» then ar* + 11 = «* ; hence the equation 
becomes «* + « = 42 ; whence, 2=6, or — 7, and therefor^ 
a:- + 11 = 36, or 49. 

49. :. + 4+g^iy = ^, .•.:r=±5,or±4V2. 

Multiplied by (ar - 4), becomes a^ - 16 + (ar* — 16)» = 12 ; 
and the 50, by subtracting 9 from both sides, and transposing, 
becomes 

(ar« - 9) - (a:« - 9)* = 12. 

50. ar' = 21 + (x«- 9)*, . . .-. a: = ± 5, or ± 3^2. 



QUADRATIC EQUATIONS WITH TWO UNKNOWN QUANTITIES. 

1. a: + y = 12, ar* +/ = 74, .'. a: = 7 or 5, y = 6 or 7. 

2. X- y=z 4,a:' + y=106, 

.'. X = 9 or — 5, y = 5 or — 9. 

3. a: - 3y = 2, x' - 6/ = 76, 

.-. a: = 11 or — 16, y = 3 or — 6. 

4. 3a: + 2y = 19, 9ar' + 6y= = 245, 

.-. X = 2^ or 5, y = 6J or 2. 

5. x-.y = 16,|^ = y», .•.a: = 19jorl4i,y = 4ior-J. 

6. ar+2y = 7, a:» + 3xy~/=:23, 

.'. X = 8 or 15f, y = 2 or — 4^. 

7. 2x - 3y = 1, 2ar* + ay - 5/ = 20, 

.'. X = 5 or — 9i, y = 8 or — 6^ 

8. xy 4- Say = 88, X + y = 6, .*. x = 4 or 2, y = 2 or 4. 

9. X* + y' = 13, X + y = 6, .•. x = 3 or 2, y = 2 or 3. 

10. x+y = a,x' + y» = 6, 

••• X = H« ± V(26 - a^}, y = ^a? V(26 - a')}. 
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' ' II* ar* + ^y = 66, ary — y* = 5, 

.-. a: = ± 6 or ± VV2, 5( = ± 6 or ± JV2. 

12. a:«-a:3^-/ = 295,3:2+3^2 = 370, 

.-. a: = ± 19 or ± 7^5, y = ± 3 or ± 5^5. 

In the 11th and 12th exercises, for y put vx\ th^n divide the 
first equation by the second, and 3? wiU divide out of numerator 
and denominator ; from the resulting equation find the value of v. 
Substitute this value of v in the equation which is least involved, 
and find the value of a:, then y =. vx will give y. 

In 11, V = I or -j^ ; and in 12, y = -j^ or ^. 

13. x2+/ = 34,a:2-j:y = 10, 

.-. .r = ± 5 or ± V2, y = ± 3 or T 4V2. 

14. 9a:- = 4/, Zxy -\- 2x -\- y = 483, 

.-. j: = 10^ or - 10|, y = 15i or - 16>. 

^5- J^^ = i>*^ + % = 17, 

^ "" ^ .-. :c = 3 or - lOfcy = 1 or 11^*. 

16. ^^= V,/ + a:=25, 

^ .•.a: = 9or~14T^,5( = 4or-6i. 

17. ar^ + /^58,a:y = 21 •.a: = 7,y = 3. 

18. x''-f=lS5,- = i, , . . .•.a: = 12,y = 3. 

19. a:* +y = 97, a: + y = 6, . .-. a: = 3 or 2, y = 2 or 3. 

Let X = tt + V, and y = « — r ; then the second equation 
gives u = i, and the first becomes 

2u* + 12ttV + 2v* = 97. 

Again, substituting the value of «, and reducing their results, 

{ivy + 150(4t;2) = 151 ; .-. r = ± J. 

20. a:*-y = 369, ar»~y« = 9, . . .•.a: = 6,y = 4. 

Dividing the first equation by the second, 
a:* + / = 41. 
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21. ar*+y*=l+2ary + 3r*/,x»-y» = 3a:»y-ary«+l, 

.•.^ = 2,^=1, 

Here, in the first, transpose 2j:*y* and it becomes 
X* - 2ay +y* = (or^ - ^y = (xy + 1)»; 
and the second, bj transposing, becomes 

a:* - 8a:*y + 8ar^ - y« = (x - y)» = 1 ; . • . a: - y = 1. 

22. (3:»- jy 4-y*Xj^+ y*) = 221, (J^- ay + y^Ca:" + jy +30 
= 273, . . . .'.a:=±4, ±1, ±W-1, ± Vj^} ; 

y=±i, ±4, ± V-1, ±V-i- 
Here the second equation, minus the first, gives 
(jn^- xy + y»)ay = 52; 
which, being subtracted from the first, we hare 

(x^ _ ay + y»)« = 169 ; 
whence, a:* — ay + ^ = ± 13. 

Dividing each of the given equations, and also their difference 
bj this root, the quotients are 

a:* +y* = ± 17, a:* + ay +3^ = ± 21, and ay = ± 4, 

from which the values given above can easily be found. 

23. a:" — y» = 63, a? — y = 8, .•. a; = 4 or — 1, y = 1 or— 4. 
The cube of the second minus the first, gives 

3ay(a;-y) = 36; 
whence, ay = 4, then (x — y)* + 4ay = (x -{- yf = 25 ; 
.-.x-^-yzn ± 5. 

24. a;* + y* = 4, a:* + y» = 28, .*. ar = 9 or 1, y = 1 or 9. 
The cube of the first minus the second, gives 

3ar*y»(a;*+y») = 86; 
whence, ariy* = 8 ; then (ar* + y*)« — 4ar»y* = (a:* - y»)' = 4 ; 
.•.ar*-.y*= ±2. 

25. ar + 3(a: + y)*=18-y,x»-y* = 9, 

.-. ar = 5 or 18^, y = 4 or 17^. 

2Q, a^+y«-(x+y) = 18,a:+y=19-ay, 

.*. a: = 4 or 3, or — 4 ± V— H » 
y = 3 or 4, or — 4 + V— H- 
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In 26, add twice the second equation to the first, then bj 
transposition the result may easily be reduced to the form 

(x 4- yf-\- (x + y) = 66, from which ar + y = 7, or — 8 ; 

whence, y = (7 — x), or — (8 + x). 

Substituting successively these values of y in the second 
equation, the ralues of x wUl be obtained. 



QUESTIONS PRODUCINa QUADBATIC EQUATIONS. 

1. What is that number, from the square of which, if we take 
seven times the number, the remainder will be 44 ? 

a:^ — 7a: = 44 ; .'. ar = 11, or — 4. 

2. Pind a number such that if its third part increased by one be 
multiplied by its half, the product will be 30. 

(| + l)x| = 30; .-.a: =12, OP -15. 

3. The difibrence of two numbers is 13, and their product 
exceeds 7 times the less by 135 ; find the numbers. 

x(x + 13) = 7x + 135, or a:* + 6a: = 136; 

.'. a: = 9, or — 15. 

The numbers a^e therefore 9 and 22. 

4. In a court there are two square grass-plots, a side of one of 
which is 10 yards longer than the side of the other, and their 
areas are as 25 to 9 ; what is the lengths of their sides ? 

{x + 10)* : ar* : : 25 : 9, or 4ar^ - 45a: = 226 ; 

.•.x = 15, or — 3j. 

5. A merchant sold a quantity of brandy for £39, and gained as 
much per cent, as the brandy cost him ; what was the price of the 
brandy ? 

Let X = the price of the brandy ; 

x^ 
then 100 ixwxi j^ = the gain = £39 — x, 

af* 
»»^ .•.T?r;r = 89 — X, ora:2+100ar = 8900; 
100 

whence, x = £30. 

6. It is required to find two numbers, the first of which may be 
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to the second as the second is to 16 ; and the sum of the sqniired 
of th^ numbers may be equal to 225. i 

Let X = the first, then the second will be V 16^ j and by the 
second condition, 

a:*4-16x = 225; 
whence, ar = 9, and V 16x = 12. 

7. A draper bought some pieces of cloth for 180 crowns ; had 

he for the same sum received three pieces more, each piece would 

have cost 3 crowns less ; how many pieces did he buy, and what 

was the price of a piece ? 

180 
Let X = the number of pieces, then — = the price of a 

piece in crowns ; * 

. . . i?9 _ 3 = J?2^, or x' + 3x = 180 ; 

X a: -f 3 

whence, a; = 12, and = lo crowns. 

X 

8. A g^entleman bought a horse for a certain number of pounds ; 
and having sold it for £119, gained as much per cent, as the horse 
cost him ; what was paid for the horse ? See question 5 for the 
notation. 

.-. ^ = 119 - ar, or ar« + 100a; = 11900; 

whence, x = £70, the price paid. 

9. The sum of two numbers is 16, and the quotient of the 
greater divided by the less, is to the quotient of the less divided 
by the greater as 25 is to 9 ; find the- numbers. 

Let X = the less, then 16 — x = the greater ; and 

.-. 15jZ_? : f : : 25 : 9 ; whence, a:* + 18x = 144 ; 
X 16 — ar 

hence, x = 6, and 16 — x = 10. 

10. Two fiocks of sheep, one containing 5 sheep more than the 
other, were sold for £106, 5s. Each sheep cost as many shillings 
as there were sheep in the flock ; required the number of sheep in 
each flock. 

Let X = the sheep in the least flock, then x -f 5 = the sheep in 
the other ; also, x' = the shillings the least flock cost, and 
(x 4- 5)* = ^ + lOx -h 25 = the shillings the other cost; 

.-. x^ + :r* + lOx H- 25 = 2125 ; 
hence, x = 30, and x -|- 5 = 35. 

11. A tailor bought a piece of cloth for £73, 10s., from which he 
cut off 12 yards, and sold the remainder for £64, 15s., gaining 
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&9i per yard ; how many yards were there in the piece, and what 
did he pay for a yard ? 

Let X = the number of yards in the piece, then = the 

1295 ^ 

shillings he paid for a yard ; also, _ = the shillings 
he received for a yard ; x 1^ 

1470 . ^ 1295 , «„ ^,„„ 

.-. h 5 = — , or x^ + 23a: = 3528 ; 

X a: — 12 

.*. a: = 49 yards, and the price == 30s. per yard. 

1 2. What number is that which being added to its square root, 
^he. sum will be 552 ? 

Let X = the number sought, then x -{- f^x = 552 ; 
whence, x = 529. 

13. A grazier bought as many sheep as cost him £50, out of 
which he reserved 15, and sold the remainder for £54, by which 
he gained 28. a head on those sold ; how many sheep did he buy, 
and what did he pay for each ? 

Let X = the number of sheep bought, then a: — 16 = the 
fin 
number sold, and — = the price of each in pounds ; 

.•.(x-15)(^ + A) = 64j 
.whence, x = 75, the sheep bought, 

and — = ^ = £^=z 16s. 

14. Tliere is a field in the form of a rectangular parallelogram, 
whose length exceeds its breadth by 20 yards, and its area is 
6300 yards ; required its length and breadth. 

Let X = the breadth, and a: + 20 = the length ; 
then a<a:H- 20) = 6300; 

.-. X = 70, and a: + 20 = 90 yards. 

15. A person being asked his age, answered, if to half my age 
you add the square root of my age, and from the sum subtract 12, 
the remainder will be the third part of my age ; required his age. 

Let X = the age sought ; then 

I H- V* - 12 = f, or a: H- e^x = 72 ; .-. a: = 36. 

16. What number is that, the sum of whose third and fourth 
parts is less by 2 than the square of its sixth part ? 



and .'. X = 24. 



Here | + j + 2 = (|Y; whence, a:* - 21ar = 72, 
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17. The base of a right-angled triangle is less than the 
perpendicular by 3, and less than the hypotenuse by 6 ; required 
the sides. 

Here (x + 6)'= a" + (ar + 8)' ; whence the sides are 9, 12, 
and 15. 

18. What two numbers are those whose difference is 3, and 
whose sum multiplied by the greater = 405 ? 

Let X = the less, then ar + 3 = the greater, and their sum 
= 2ar 4- 3 ; whence, (2ar -f 3Xa: + 3) = 406, or 2a:*+ 9z + 9 
= 406 ; and .*. x = 12, and ar -f 3 = 15. 

19. There are two square courts paved with stones, each a foot 
square. The side of one court exceeds that of the other by 10 feet, 
and the two pavements together required 3092 stones; find the 
length of the sides of the courts. 

Let X = the length of the less, then ar + 10 = that of the 
greater; and a:* + (a: + 10)* = 3092 ; and 
.*. X = 34, and ar + 10 = 44. 

20. A detachment from an army was marching in regular 
column, with 6 men more in depth than in front; but on the 
enemy coming in sight, the front was increased by 846 men, and 
the whole was thus drawn up in 6 lines ; find the number of men. 

Let ar = the number in front at first, then ar + 5 = the 

depth, and the whole = x(x + 6). 
Again, in the second position, the men in front = x'-f 846, 

and the men in the depth = 6, and the whole 

= 6(x 4- 846) ; therefore x(^x + 6) = 6(x + 846) ; whence, 

ar = 66. 
Whence the whole men = ar(x -f 6) = 66 X 70 = 4650 men. 

21. A farmer purchased a number of oxen for £112, and 
observed that if he had had one more for the same money, 
each of them would have cost him £2 less ; required the number 
he purchased, and the price of each. 

Let X = the number of oxen purchased ; 

112 
.*. = the price of each in pounds. 

Also, by the second condition, — — - = 2 ; 

X 4- 1 X 

.-. 112x = 112x 4- 112 - 2x*- 2x, or x*H- x = 66. 

112 
Hence, x = 7, and — = £16, the price of each. 

X 

22. A farmer purchased a number of oxen for £112, and 
observed that if he had purchased one fewer for the same money. 
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each of them would have cost him £2 more ; required the numher 
he purchased, and the price of each. 

Let X = the numher of oxen purchased ; tlien, reasoning as in 
the last question, we obtain 

112 112 . „ , 

■ = h 2, or ar* — a: = 66 ; 



a: — 1 X 

112 
hence, x = S, and = £14, the price of each. 



23. A person buys 18 ells of cloth, part blue and part green ; 
for each lot he gave 408., and he pays for every yard of the blue 
cloth Is. per ell more than for the green ; how many ells of each 
kind were there ? 

Let X = the ells of blue, then 18 — ar = the ells of green ; 

also, — = ~-5 h 1, or a:* - 98ar = - 720. 

X lo — X 

Therefore a: = 8, and 18 — a: = 10 ells. 

24. rind a number, to the quadruple of which, if 80 be added, 
the sum will be to the square of the number as 2 to 9. 

Here 4ar + 80 : a;* : : 2 : 9, or a:* — 18a: = 360 ; and 

.-. X = 30. 

25. The length of a rectangle exceeds its breadth by 12, and the 
sum of the squares of the length and breadth is 20880 ; what are 
the sides of the rectangle, and what is its area ? 

Let X = the breadth, then a: + 12 = the length ; and by the 
question, 

x^ + (x + 12)2 = 20880, or a:* + 12ar = 10368. 

.-. a: = 96, a: + 12 = 108, and a<a: + 12) = 10368 area. 

26. Two travellers set out to meet each other from two towns, 
A and B, which are 120 miles distant from each other ; the first 
goes 6 miles a day, and the other 1 mile a day more than the 
number of days in which they meet ; in how many days will they 
meet? 

Let X = the days sought, then a: + 1 = the miles the second 
walked per day ; 

.-. 6ar + x(a: + 1) = 120, or a:* + 7a: = 120; 

.*. a: = 8, the number of days sought. 

27. A had 40 yards of silk, and B 90, which they sold together 
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for £42. Now, A sold for £1 a third of a yard more than B dhi 5 
how many yards did eacli sell for £1 ? 

Let X = the yards B sold for £1, then x + ^ = what A sold 
for £1. 

Also, — = the pounds B received, and — — - = what A 

X " x + ^ 

received ; but the sum received was £42. 

90 40 

X x + i 

.'.x = 3. 

Therefore B sold 3 yards, and A 3^^ for £1. 

28. Two detachments of foot are ordered to a station distant 
39 miles : they begin their march at the same time ; but one party, 
by travelling one-fourth of a mile an hour more than the other* 
arrives one hour sooner: required the rates of marching. 

Let X = the slower rate, then x + \ = the quicker ; 

hence, — = t H- 1, or x* -|- 4^ = V. 

Therefore their rates of walking were 3 and S\ miles per hour. 

29. Divide each of the numbers 21 and 30 into two parts, so 
that the first part of 21 may be three times as great as the first 
part of 30, and that the sum of the squares of the remaining parts 
may be 686. 

Let X = the first part of 30, then 3x = the first part of 21 ; 
hence, by the question, 

(21 - Bxy+ (30 - xy= 585, or Bx" - 93x = - 378. 

Whence the parts are = 18 and 3, 6 and 24. 

30. It is required to divide each of the numbers 11 and 17 into 
two parts, so that the product of the first parts of each may be 45, 
and the product of the second parts 48. 

Let X — the first part of 11, and y = the first part of 17; 
then their second parts will be 11 — x, and 17 - y ; hence, 
by the question, 

xy = 45, and (11 - x)(17 - y) = 48. 

The difference of these equations is 187 — lly - 17x = 3, 

- ... 184 - 17x 
from which y = — . 

This value of y, being substituted in the first equation, gives 

17x« - 184x = - 495. 
• *. x=5, and hence y = 9 ; and the numbers are 6, 6, and 9, 8. 
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.31. There are two numbers whose product is 45, and the 
difference of their squares is to the square of their difference as 
7 is tq 2 ; what are the numbers ? 

Let X = the greater, and y = the less ; then x^ — y^i{x — yf 
: : 7:2, and xy = io\ from which is found a: = 9, and y = 5. 

32. A and B engage in partnership with a capital of £100 : 
A leaves his money in the partnership for 3 months, and B for 
2 months, and each takes out £99 of capital and profit ; determine 
the original contribution of each. 

Let x = A*s capital, tlien 100 — x =■ B's ; also, let y = the 
rate of gain per pound per month ; then, by the question, 

a: 4- 3ary = 100 - ar + 2y(100 - a:), 

from which v = . 

^ 5a: - 200 

Again, by the question, x + Zxy = 99, in which, substituting 
the above value of y, and reducing, we obtain, 

x' H- 395a; = 19800 ; and .-. x = 45. 

Hence, A's capital = £45, and B's = £55. 

33. There are two numbers such that if the first be increased 
by 2, and the second diminished by 3, their product will be 110 : 
but if tiie first be diminished by 3, and the second increased by 2, 
their product will be 80 ; what are these two numbers ? 

Let X = the first, and y = the second ; then, by the question, 

(x H- 2Xy - 8) = 110, and (x - 3)(y + 2) = 80. 
From the difference of these equations is found y = ar -f- 6, 
which value, being substituted in either equation, gives 

a:* + 6a: = 104 ; whence, x = 8, and y = 14. 

34. Two retailers jointly invest £500 in business, to which each 
contributes a certain sum : the one let his money remain 5 months, 
the other only 2, and each received £450 capital and profit ; how 
much did each advance at first ? 

Let x = the sum contributed by the one whose money 
was in for 5 months, then £500 — x = the sum the other 
contributed ; also, let y = the gain per pound per month ; 
then X + 5xy = 450, and 500 - x + 2y(500 — x) = 450 ; 

450 — X 

whence, y = — , from the first equation ; 

ox 

And substituting this value of y in the second equation, it 
becomes, after reduction, 

X* H- 650x = 150000 ; and .•. x = 200, 

and 500 — X = 300. 

Hence the sums contributed were £200 and £300. 
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35. A regiment of foot was ordered to send 160 men on garrison 
duty, each company to furnish a like number; but before the 
detachment marched, three of the companies were sent on another 
service, when it was found that each company which remained was 
obliged to furnish 12 additional men, in order to make up the 
number 160 ; required the number of companies in the regiment. 

Let X = the number of companies in the regiment, 

then — = the men each company would require to s^d, 

X 

and -: — - = the men the remaining companies sent ; 

160 . ,„ 160 , o i.^ 

hence, f- 12 = «» or ar — 3a: = 40 ; 

X X — o 

.'. ar = 8, the number of companies. 

36. A charitable person distributed a certain sum amongst 
some poor men and women, the number of the former were to 
the latter in the ratio of 4 to 5. Each man received one-third as 
many shillings as there were persons. relieved, and each woman 
received twice as many shillings as there were women more than 
men. Now, the men received altogether 18 shillings more than 
the women ; how many were there of each ? 

Let ix = the number of men, and 5x = the women ; then 
Bx = the shillings each man received, and 2x = the 
shillings each woman received; then, by the question, 
4a: X 3a: = 5a; X 2a: +18, or 12a:''=10a^+ 18 j and .'. x = 3. 

Hence there were 12 men, and 15 women. 

37. There is a number consisting of two digits, which, when 
divided by the sum of its digits, gives a quotient greater by 2 than 
the left-hand digit ; but if the digits be reversed, and the number 
so formed be divided by a number greater by 1 than the sum of 
the digits, the quotient will be greater than the preceding quotient 
by 2 ; required the number. 

Let X = the digit in the place of tens, and y = the digit in 
the place of units of the number sought ; then 10a; -f y is 
the number sought, and lOy + a: = the number when the 
digits are reversed ; hence, by the question, we have 

x-\-y x+y + 1 

Clearing from fractions, and subtracting the first from the 
second, we find 

7y - 12a: = 4 ; and .-. y = ^12a; + 4). 
Substituting this value for y in the first equation, and 
reducing, we obtain 

19ar*-40a:=-4; and .-. a; = 2, andy = ^12a:-f-4) = 4. 
Therefore the number sought is 24. 
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88. A cask, whose content is 30 gallons, is filled with hrandy, 
a certain quantity of which is then drawn off into another cask of 
equal size ; this last cask is then filled with water, and then the 
first cask filled with the mixture ; and it appears, that if 10 gallons 
be now drawn oflf from the first into the second cask, there will be 
equ^ quantities of brandy in each; required the quantity of 
brandy first drawn off. 

Let X = the gallons first drawn o£f ; then, after the second 

cask is filled with water, — = the brandy in each gallon of 

the mixture; and since it would take x gallons of this 

x^ 
mixture to fill the first cask, — - = the quantity of brandy 

put back. **" 

Again, 10 gallons being taken out from 80 gallons, f of the 

whole is left, one-half of which is brandy ; 



■ m-.+Q=u; 



whence, x^ — 30x = — 225, 

and .'. X — 15, the brandy drawn off. 

39. There is a number expressed by two digits, such that the 
product of the number by the sum of its digits is 1012 ; and if 
63 be subtracted from the number, its digits will be inverted; 
what is the number ? 

Let X = the digit in the place of tens, and y that in the place 
of units ; then, by the first condition of the question, 

(lOx + yX^ + y) = lOz* + Hay + / = 1012 ; 
and, by the second, lOar -f y — 63 = lOy + x, from which 
y = x-7. 

Substituting this value for ^ in the first equation, and reducing, 
it becomes 

22x*-91ar = 963; .;.a: = 9. 

Also, y = a:-— 7 = 9 — 7 = 2; hence the number is 92. 

40. Find two numbers such that their product increased by 
their sum may be 79, and their sum taken from the sum of their 
squares may leave a remainder of 114. 

Let X and y represent the two numbers sought ; then, by the 
question, 

ay 4- a: + y = 79, 

and a:* + y«-(ar+y)=lU; 

adding twice the first to the second, gives 

(^ +y)' + (ar +y) = 272; .-. a: +y = 16. 
Prom this result, and the first equation, x = 9, and y = 7. 
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RATIOS AND PROPORTION. 

1. Which is greater, 3 : 7, or 6 : 13 ? . . . The former. 

2. AiraDge the following ratios in their order of magnitude : — 

m :n, mx : mx -{- c, and Tnximx — Cj 

= mximx -\- c^mmj and tnximx — c, 

3. Find the ratio compounded of a:m, mitij and nib, = a: b, 

4. Of the ratios 5 : 7, 3 : 4, and 4 : 9, which is the greatest, and 
vliich is the least ? = 3 : 4 is the greatest, and 4 : 9 is the least.' 

5. What quantity must be added to each of the terms of the 
ratio m : ti, that it may become the ratio of a : £ ? = ^-. 

cdx 

6. Find a fourth proportional to ab, cd, and ax, . . = ~t-. 

7. What is the proportion deducible from the equation 
a6 = TO* — n' ? = a : TO + n : : TO — n : 6. 

8. What are the proportions deducible from the equation 
y' = A.jnx ? = im I y i\ y \ X, 2m I y i\ y \ 2x, m \ y \\ y : 4x, &c. 

9. Find a fourth proportional to 6, 4, 3, and to 5, 10, 6, 

= 2 and 12. 

10. Find the number to which if 2 and 5 be successively added, 
the resulting sums are in the ratio of 5 : 11, . . . t= ^. 



11. If a : 6 : : c : (^ then ma -\- nb i a \\ mc ■\' nd i c, 

' nb"^ tuT nb " 

ma -{• nb mc -{• nd 



-, a c a c . ma mc 



hence, r — ^ — . 

nb nd 

And multiplying the two latter by the equals — and — , 

. ma 4- lib nc 4- nd 

we have = . 

a c 

Hence, ma -{- nb : a:: mc -^nd: c. 
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RATIOS AND PROPORTION. 75 

12. If four quantities of the same kind be proportional, prove 
that the sum of the greatest and least is g^reater than the sum of 
the other two. 

Let the four proportional quantities he aib :: c: d, of which 
a is the greatest, and consequently d the least; then, by 
conversion, 

a: a — b :: c : c ^ d; 

and, by alternation, 

a : c:: a •— b : c ^ d; 

but, by hypothesis, 

OT^ c; ,', a — bz^ c ^ d. 
Adding b-\-dto each, we have a+d^^b -\- c. 

13. J£x : y :: a* : b\ and a : b :: ^(c-^x):^(d+i/), shew that 
cy^?= dx. 

Here raise the terms of the second proportion to the fourth 
power, then it is evident that x : y :: c -\- x : d -{- y; and 
taking the product of the extremes equal to the product 
of the means, and subtracting xy from both sides, there 
remains cy = dx, 

IL If a:b :: c:d, shew that a(c •\' d — a — b) = (a + b) 
(c - a). 

Herp a -\- b:a:: c + d : c; hence, a(c -\- d) ^ c(a -{• b) \ from 
each of these equals take a(a + b), and we have 
a(c + d'-a'-b) = (a'{- bXc ~ a). 

15. If a:b::c:df shew that a(a + ft + c -f rf) = (a + c) 
(a + ft). 

Here proceed as In the last, only add a(a + ft). 

16. Given (a + b + c -{- (/)(a --ft-c + rf) = (o~ftH-c-(/) 
(a -f- ft — c — cf ), to prove that a:b :: c:d. 

Here convert the two equal products into a proportion ; then 
mixing the terms, and taking half of the results, and again 
mixing, and taking half the result, gives the proportion 
required. 

17. If a : ft :: ft : c, then a« - ft^ : a :: ft= - c*: c. 

Here squaring the terms of the given proportion, we have 
then by division, 

a«-ft«:a«::ft2-c«:ft«; but a«: ft« :: a: c; 
whence, by alternation and substitution, we have 
a2-ft*:a::ft«-c2:c. 

18. A i)er8on in a railway-carriage observes that another train, 
running on a parallel line in the opposite direction, occupies 
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2 seconds in passing his train ; bat if the tiro trains had been 
proceeding in the same direction, they would have taken 30 
seconds to pass each other ; compare the speeds of the two trains. 
Let xiy = the ratio of the rates ; then 

a: - y : ar + y : : 2 : 30 ; 

hence, a: : y : : 32 : 28 : : 8 : 7. 

19, If a: b::c:dy then a^ + db + h^ia^ - ab -{- b' :: c^ + cd 
-{■d^ic'-cd+d^ 

For a»: 6» :: c»: rf», .-. a» - J»:a" + *' :: c» - <i»: c^ + d^; 

and since aib :: c.d, r , a + b : a — h : : c -{■ d : c — d. 

Compounding these latter proportions, and omitting the 
common factor (a + b)(a — b) from the first and second 
terms, and the common factor (c + d)(c — d) from the 
third and fourth, we obtain 

a^'-^-ab-^-b^ la'-^ab + b^ :: c'+cd + d^ic'-cd+d*. 

20. If a: b:: c.d, shew that (« - ^X« - ^ (a+rf)-(6+c) j 

For since a:b :: ci d, .' . a — b : b : : c — d : d; 

and a:c :: b:df .' . a — c : c : : b — d : d. 

By compounding (o — 6X« — c):bc::(c — dX^ — ^) "• «?*; 
but be = ad; hence, substituting and dividing d out of the 
second and fourth terms^ 

(a - bXa -^c):a::(^C'^ d)(b - <f ) : fl? ; 
. (g ~ bXa - c) ^ (c - dXb -d) ^/c ^^^^ ^^ 

(be • be 

_ _ 5 _ c _l_ ^) = (a + cf ) — (6 + c), since « = -r. 

Again, dividing both sides by be, we obtain the second 
equation. 
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EQUIDIFPERENT PROGRESSION, OR ARITHMETICAL 
PROGRESSION. 

N^,--'Let a = the first term of an Equidifferent Progression, 
d = the common di£ference, n = the number of terms, I = the last 
term, and s = the sum of the series ; then 1= a -^ (n — lyi, and 

s = {2a + (n — l)d}- ; and from these two equations, when any 

three of the tre elements are given, the other two can be deter- 
mined. The contraction E.P. stands for Equidifferent Progression, 
and E.D. for Equidifferent. 

1. Find the 6th term of the E. P. 2, 5, 8, &c., =17. 



2. 


o 


9th 


It 


It 


3, 


7, 11, &c., 


= 35. 


3. 


u 


11th 


u 


It 


10, 


llj, 13, &c.. 


= 25. 


4. 


u 


15th 


tt 


tt 


7, 


12, 17, &c.. 


= 77. 


5. 


» 


18th 


» 


It 


2, 


7, 12, &c.. 


= 87. 


6. 


tl 


24th 


It 


It 


2, 


5, 8, &c., 


= 71. 


7. 


» 


3l8t 


It 


It 


12, 


13J, 15, &c., 


= 57. 


8. 


n 


7th 


It 


It 


24, 


22, 20, &c.. 


= 12. 


9. 


m 


11th 


u 


It 


6, 


4J, 4,&c., 


= 0. 


10. 


u 


17th 


It 


It 


100, 


96, 92, &c., 


= 36. 


11. 


m 


23d 


It 


II 


25, 


23, 21, &c., 


-19. 


12. 


It 


SOth 


It 


tt 


25, 


22, 19,&c.,__ 


-62. 


13. 


m 


4lBt 


It 


u 


92, 


89, 86, &c., 


-28. 
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EXERCISES IN ALGEBRA. 



15. 


M 


90th 


IC. 


n 


365th 


17. 


n 


181st 


18. 


u 


63d 



14. Find the Slst term of the E.P. 7, 10, 13, &c., . , 

= 247. 

12, llj, lOf, &c., 

= - i7^. 

n n 1) 3, 5, 7, &C., 

= 729. 

7, 7i, 7f,&c., 

= €7. 

24, 22^-, 211, &c., 

= ^45J. 

19. Sum the E. P. 3 + 5+7 + &c., to 10 terms, = 120,, 

20. 

21. 

22. 

23. 

24. 

25! 

26. <r 

27. » 
28. 

29. » n 

30. » » 

31. n w (a - ar)* + (a* + ar') + (a + a:)* + &c~ to 
« termg, = n{a* + a;* + (n — 3)aa:}. 

32. Sum the E.P. ^±^ + ?^ + -^ +&c., ton terms, 

__ 2na — (» — 6)6 n 
aTl ^ 2- 



1 4. 5 + 9 + &c., to 13 if , = 325. 
5 + 8 + 11 + &c., to 19 If , = 608. 

i+ f + i + &c., tol5 // ,= 112i. 

i+ f + i + &c.,tol2 n ,= llj, 

2i + 2| + Z\'\- &c., to 60 // , = 740. 

40 + 37 + 34 + &c., to 30 '/ , == -103. 

- 3 - 1 + 1 + &c., to 20 n , = 320. 

-17 -12-7 -&c., toll f ,= .88. 

2 J + 3 + 3 J + &e., to 71 terms. 



<n_+_9) 

4 
<« + 1) 



1 + 2 + 3 + &c., to n terms, = 



1 H 1 h &c., to n terms, 

** « «+l 
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34. 


» 


3 


35. 


n 


4 


36 


u 


7 



BQUIDIFFBBBNT PROGRESSION. 79 

33. Insert 2 E.D. means between 5 and 17, = 9 and 13. 

n IT 20 » 48, 

= 27, 34, and 41. 

» ft 100 t 40, 

= 88, 76, 64, and 52. 

= - 4i + i + 1 + If + 2i + 3i, and + 4. 

37. Find the common difference by which 12 E. D. means may 

72 — 7 
be inserted between 7 and 72, . . . . = — -r — = 5. 

l*> 

38. Find the common difference by which n E.D. means may be 

inserted between a and ft, = — —v. 

n -f 1 

39. Insert n E.D. means between 1 and 37, so that the 5th may 
be to the (n — 1)^^ as 1 is to 3 ; find n and the 5th term. 

„ , 37-1 36 ., .^, , , 6X36 , 
Here d = — = — --=- ; the 6th mean =14 —^ ; and 

.. . "nu, " + '■ (».-l)x 36 » + l 

the (n — l)Oi mean = 1 + -^^ -j-i . 

Therefore, by the question, 

'^^■■•-^-^"-'. 

or fi 4- 181 : 37» - 35 : : 1 : 3 ; and .-. n = 17. 

Q/» Q/» 

Hence, d = — — - = -— = 2, and the 5th mean = 1 + 5X2 
— 11 « + 1 lo 

40. The first term of an E.P. is 5, the number of terms 30, and 
their sum 1465 ; find the common difference, and the last term. 

Since 8 = {2a + (n - 1^} X |, .-. 1455={10 + 29d} X 15 ; 

and lience, rf = 3, and ^ = a H- (n ~ l)d = 92. 

41. The sum of an E.P. is 72, the first term is 17, and the com- 
mon difference is — 2 ; find the number of terms, and explain 
the double answer, = 6, or 12. 

Note. — The reason of the double answer is, that the terms after 
the 6th up to the 12th inclusive, are — 5, — 3, — 1, -f 1, +3, 
and H- 5 ; the sum of which is evidently 0. Therefore the sum of 
6 terms is equal to the sum of 12 terms. 
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80 BXBRGISBS IN ALGEBRA. 

42. How far does a person travel in gathering np 120 stones 
placed i9 a straight line, at intervals of 4 feet from each other, 
supposing that he fetches each stone singly and deposits it in a 
basket which is in the same straight line produced, and 20 yards 
distant from the nearest stone, and that he starts from the 
basket ? 

Here since all the distances are travelled twice, the first 
term is 40 yards, and the common difference is 2f yards ; 
also the number of terms is 120 ; 

.-. « = {2 X 40 + 119 X 2f }ifa = 23840 yards = 13^ miles. 



EQUIRATIONAL OE GEOMETRICAL PROGRESSION. 

N,B, — Let o = the first term of an Equirational Progression, 
r = the common ratio, n = the number of terms, I = the last 
term, and a = the sum of the terms; then I = ar^~\ and 

s = -^ — --;— > when r ^ 1 ; and s = ^^ " — -, when r ^1; and 
r — 1 1 — r 

8 = 3 when n is infinite. From these equations, when any 

1 — r 

three of the five quantities a^r,fi,l, and s are given, the other two 
can be found. The contraction £. B. stands for Equirational, and 
E.B.P. for Equirational Progression. 

1. Find the 7th term of the E. R. P. 3, 6, 12, &c., = 192. 

// u 6, 16, 45, &c., = 405. 

2J,li> l,&c., = A- 

If >/ 2, — 6, 18, — &c., 

= 1468. 

» n —3, 6, — 12, &c., 

= - 768. 

» n 27, 9, 3, &c., = T^. 

" " 11> Si, 8J, &c., 

= 333781^. 
» If 64,-82, 16, — &c, 



2. 


It 


5th 


3. 


It 


6th 


4. 


u 


8th 


5. 


H 


7th 


«. 


If 


9th 


7. 


H 


10th 


8. 


If 


12th 


». 


» 


11th 
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EQUIRATIONAL PBOGRESSION, 

10. gum 1 + 3 + 9 4- 27 + &c., to 8 terms, 

11. „ 2+ 4+ 8 + 16 + &C., tolO » 

12. // %+48+24 + 12 4-&c.,to 9 n 

13. » 3+ 6 + 12 4-24 4-&C., to 8 » 

14. ir J + f + I + ?^ + &C., to 7 // 

15. // i + 1 + 2 + 4 + &c., to n n 

16. f i+l+2+4 + &c., to 20 t, 

17. « 12,-6,4-3- f + &c., tol2 n 



18. 

19. 
20. 

21. 

22. 

23. 
24. 



*+ f+ t + H + &c.,to 



» f+l+f+f + &c.,ton 

Q q O 

" *--2^+2^~2^ + &c.,to n 

» 4+ 24- 14- i4'&c., to infinity, 

" *-"25" + 2^"F + *^-' 

" *+ 3 4- f4-|i4-&c., 

« '2 4- -02 4- '002 4- &c., « 

• •274--0027 4- '000027 4- &c., « 

" 1 4- 2ar 4- ^x" 4- 8a:» 4- &c., « 



81 
8 = 3280. 

« = 2046. 

s = 1914. 

s= 765. 

8 = 273i. 
s = 2»-i- f 
s = 624287^ 



= *. 



4"— 3» 

4» • 

3»_— 2« 

8 X 2*-2- 



than }, 



2«« 4- 1 
. «= 8. 

. s= |. 

. «=:16. 

. 8= f. 

. « = ». 

07 being less 

_ 1 
' * l-2a:' 



27. Smn a» 4- 5a-^ 4- &'a«^ 4- &c., to infinity, a being greater 
than J, .... a""^' 



a -6* 
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28. s^^-^-!!L:^^ + (!ls:^-(l!L=Ji)EL + ic.,; to 

n n tr rr " * 

infinity, n being greater than x, . ■ • 

In this exercise, the first term does not form a part of the 

E.B.P., therefore find the sum of the series after the first 

term, and subtract it from the first term, and the result 

will be the sum required ; 

(m — n)x 
__ TO n ___ TO (to — n)x 

~"n 11^""" n + X 

n 
_^mn + mx ^ mnx + n'^ 
"" 7i(n 4- a:) 

29. Sum o + JH h — + &c., to infinity, a being greater 

than L a = y. 

a — o 

30. Insert an E.R. mean between 3 and 48, . . = 12. 

Note. — Any number of E.R. means maybe inserted between 
two numbers, a and b, as follows : let n = the number of means 
to be inserted, and r = the common ratio ; then 

r = fu-, then the means are ar, at^, ai^, &c. 

31. Insert 2 E.H. means between 5 and 135, =15 and 45. 

32. «r 2 " » 7 f 448, = 28 and 112. 

38. » 3 » » 3 ' 48, 

= 6, 12, and 24. 

SL tf 3 w f 9 fr 2304, 

= 36, 144, and 576. 

35. » 4 « tf 11 // 352, 

= 22, 44, 88, and 176. 

86. " 4 " » ^ n 1215, 

= 15, 45, 135, and 405. 

37. » 6 » » 1 V 448, 

= 14, 28, 56, 112, and 224. 
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^ 88. Jn an equirational progifession, consisting of an odd number 
of terms, the sum of the squares of the terms is equal to the sum 
of all the terms multiplied by the difference of the odd and even 
^erms ; required a proof. 

Let the progression be a + ar 4- ar^ + &c., then the sum of 
the squares of the terms will form the progression 

a' + aV* 4- a\* + &c., 
in which the first term is a*, and the common ratio r* ; 
a(r''* - 1) 

r^— 1 

aCr»-l) 
Also, let s' = the sum of the given series, then s'= ^ v^ ; 

and s" = the difference of the odd and even terms, which 
will evidently be the sum of the E.R.P. a — ar -f or*— or' 
+ &c., in which r is negative ; 

. ,.. ^ a(- r" - 1) ^ ajr^ + 1) 
-r- 1 r + 1 ' 

in which r" is negative, because by the question n is odd. 
We have now to prove that s = s's'^ which is manifest, since 

aJT^ - 1) a( f* 4- 1) _ aV» ~ 1) 
r-l ^ r + 1 ^ P-1 * 

39. If there be n equirational progressions, each having the 
same ratio r, whose first terms are a, 2aj So, &c.,' no, and sums 
^1) ^v hi ^'i ^nj where each is summed to n terms ; prove that 

, , , n(n + l)/r«- 1\ 

*i + «2 + «8 + *^c- + «« = — 2 — yjzTi)^' 

N.B.r—Since the common ratio in each of the progressions 
is r, the sum of any one of them will evidently be the first 

term X ( —)', hence, the sum of all the equirational 

progressions will be 

(a + 2a + 3a + 4a + &c. + wa)( ^ ^ 1 ) • 

But the coefficients a, 20^ 3a, &c., na is evidently an equi- 

different progression, whose first term is a, and common 

difference also a, and the number of terms is n; hence 

*. . . w(n + 1) 

their sum is ^ — -a ; 

J ..... «(»+ l)/r»— 1\ 

and .-. 5^ + 52 + 5^ + &c. + s„ = -A_21_Z^___ U. 

40. The sum of an equirational progression carried to infinity 
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is 6, and the sum of its first and second terms is 4^ ; what is the 
series ? 

Let X = the first term, and r = the common ratio ; then the 

smn to infinity = = 6, and the sum of the first and 

second terms isar + rar = 4 J. 

Divide the latter equation by the former, and we obtain 

1 - j** = 3 ; .-. r* = J, and r = ± J; 

hence, ar = 3 or 9, and the series is3H-f + J + f + &c., 

or 9-f + f-f + :^-&c. 



HARMONIC PROGRESSION. 

1. Continue to two terms each way the harmonic series 3, 4, 6, 

= 2, 2f , 3, 4, 6, 12, oc. 

2. If r/ rt » harmonic series 4, 5, 6f, 

= 2f 3i, 4, 6, 6f , 10, 20. 

3. Insert 2 harmonic means between 5 and 10, = 6 and 7^. 



4. 


» 3 1/ 


a 


» 


2 » 8, 


5. 


// 4 // 


It 


a 


6 » 36, 

= 7i, 9, 12, 18. 


6. 


// 5 >f 


u 


II 


6 -/ 42, 

= 7, 81, lOJ, 14, 21. 


7. 


n 8 H 


n 


a 


7 « 70, 








= 7J, 8f, 10, llf, U, 17i, 23J, 85. 



8. The snm of three nnmbers in liarmonic progression is 11, 
the excess of the third above the second is 3, and the sum of their 
squares is 49 ; find the numbers, . . . = 2, 3, and 6. 

9. Insert 6 harmonic means between 1 and 2, 

= «,*>«,!, V,and}. 

10. /y 7 w u II 1 and 2, 
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11. The sum of three nnmbers m harmonic progression is 11, 
and the sum of their squares is 49 ; find the numbers. 

Let X = the less extreme, and y = the greater ; then, since 
the sum of the three numbers = 11, the mean m&y be 
represented by 11 — y — x. 

Again, by the properties of harmonic progressionals, the 
mean is 

multiplying by y + x, and transposing, 

ll(y + x)-y'-j:* = 4xy ... (a). 

Also, a* 4- y* + (11 — y — a:)* = 49 by the question, 

or a:« + y« + 121 + ar» 4- y* - 22(y + x) + 2xy = 49. 
Transposing, and dividing by 2, 

/4-a:' + ay-ll(y + x)=-36 ... (6); 
(a) -h (6) gives yx = iyx — 36, 

-••y^=12 (c); 

W + (c) giTes (y + a:)* - ll(y + a:) = - 24, 

.'.y+x = S ((/). 

From (c) and (c?) the values of x and y are easily found to be 

2 and 6, and 11 — 2 — 6 = 3. 
Therefore the numbers are = 2, 3, and 6. 

12. The sum of three numbers in harmonic progression is 37, 
and the sum of their squares is 469 ; find the numbers, 

= 10, 12, and 16. 

13. The sum of three numbers in harmonic progression is 23, 
and the sum of their squares is 259 ; find the numbers, 

= 3, 5, and 15. 



PROBLEMS IN EQUIDIFFERENT, EQUIRATIONAL, AND 
HARMONIC PROGRESSION. 

1. Find three numbers in equidifferent progression such that 
their sum may be 21, and the third with double the first may 
be 19, = 5, 7, and 9. 

2. Find three numbers in equidlfferent progression such that 
their sum may be 15, and the third with double of the second may 
be 18 =2, 6, and 8. 
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86 EXERCISES IN ALGEBRA. 

3. Find three numbers in equidifferent progression such that 
their sum may be 27, and that twice the tliird together with tha 
second may be 35, = 5, 9, and IS. 

4. Pind three numbers in equidifferent progression such that 
their sum may be 24, and that twice the first with twice the 
second may be 40, = 12, 8, and 4. 

5. A person bought 5 books, whose price in shillings were in 
equidifferent progression. The price of the second was 21s., and 
that of the dearest 27b. ; what did he give for each, and how much 
for the whole ? 

Note. — This question admits of two solutions, for the dearest 
book might either be the first or the fifth : if the dearest was the 
first, then the common difference was three ; but if the dearest 
was the fifth, then the common difference was two. 

< 27,21,15, 9, and 3, sum, £3, 15s.; 
• • (or 19, 21, 23, 25, » 27, i» , £5, ISs. 

6. Find the series in equidifferent progression, consisting of 
(n + 7) terms, of which the sum of the first n terms is 40, the sum 
of the next 4 is 86, and that of the last 3 is 96. 

From the terms of the question, the three following equations 
are easily obtained : — 

{2a + (» - l)rf}^ = 40, or 2a + (n ~iy = ^ (a) ; 

{2a + (2n + 3y} X 2 = 86, or 2a + (2n + 3)(/=43 (/>) ; 
{2a 4- (2n + 10)rf} X f = 96, or 2a + (2n + 10)<f = 64 (c) ; 
(c) - (6) gives 7d = 21, 
and .-.«?= 3; 

(6)- (a) gives (n + 4>f = 43 - ^; 

or substituting the value of </, and reducing, we have 
3n* - 31n = - 80, 

and .•.« = 6. 

The value of a is now easily found from either of the 
equations to be 2 ; 

.-. series = 2, 5, 8, 11, 14, 17, 20, 23, 26, 29, 32, and 35. 

7. There are three numbers in equidifferent progression whose 
sum is 18, and the sum of the first and second is to the sum of the 
second and third as five to seven ; required the numbers, 

= 4, 6, and 8. 
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8-. The snm of four numbers in equidifferent progression is 26, 
jtn^ four times the product of the first and last is 88 ; what are 
the numbers? = 2, 5, 8, and 11. 

9. Divide £35 among three persons, so that their shares may be 
in equirational progression, and that the last may have £15 more 
than the first. 

Let X = the share of the first, and r = the common ratio ; 
then the equations are 

X -{- rx -\- r^x = 35 (a), and r^x — x = 16 (b) ; 

r^ — 1 
then (6) - (a) gives ^, ^ ^ _^ ^ = f ; 

iFhence, 4r' — Br = 10, .-. r = 2 ; 

and from (a), x -\- 2x -{- 4iX =^ 35, r . x = 5, 

= £5, £10, and £20. 

10. There are four numbers in equirational progression: the 
sum of the first and second is 28, and the sum of the third and 
fourth is 252 ; what are the numbers ? . = 7, 21, 63, and 189. 

11. There are four numbers in equirational progression, and the 
sum of the first and fourth is to the sum of the second and third 
as 7 is to 3 ; also^ the sum of the first, second, and third is 65 ; 
£nd the numbers, = 5, 15, 45, and 135. 

12. The sum of three numbers in equirational progression is 62, 
and the sum of the first and second is to the third as 6 is to 25 ; 
what are the numbers ? = 2, 10, and 50. 

13. A traveller set out from a place, and went 1 mile the first 
day, but increased his speed afterwards by 2 miles every day. 
After he had gone 3 days, a second set out from the same 
place and travelled 12 miles the first day, 13 the second, and so 
on. In how many days will the first be overtaken by the second ? 
And if they both continue their travelling at the same rate, in 
what time will the first overtake the second, and how far will they 
have travelled between the places of meeting ? 

Let n = the days the second travelled, then n + 3 = the days 
the first travelled ; 

hence,{2+(n + 2)x2}^-i={24 + n-l}| ... (a); 

whence, n' — lln = — 18, 

and .*. n = 2 or 9j 

and the difierence of the values of either side of equation 
(a), for n = 9 and n = 2 is tlie distance between the 
places of meeting, . . = 2 and 9 days, and 119 miles. 
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14. The equidifferent mean between two numbers exceeds the 
equirational mean by 13, and the equirational exceeds the hannonic 
mean by 12 ; what are the numbers ? 

Let X = the greater number, and y = the less ; then, by the 
question, 

^=V^ + 13 (a), 

^^ 7+^-^^^'='^'^ (*> 

Multiplying the corresponding sides of (a) and (b) gives 

ay + 6(a: + y) = a^ 4- 13^^^, or 6(x +t/) = 13^^^ ... (c). 
Squaring, 36a;* + 72xy + 36/ = 169a:y ; 

subtract Uixi/, .-. 36a;'* — 72ary + 36/ = 25a:y, 

6(x-y) = 5Vay (d). 

Multiplying (c) by 6, and (c?) by 13, and subtracting the 
results, we find y = f a; ; which value, being substituted 
in (a) or (6), gives the answer, 

X = 234, and y = 104. 

15. The equidifferent mean between two numbers exceeds the 
equirational mean by 153, and the equirational mean exceeds the 
harmonic by 72 ; what are the numbers ? . . = 34 and 544. 

16. The equidifferent mean between two numbers exceeds the 
equirational mean by 459, and the equirational mean exceeds the 
harmonic by 216 ; what are the numbers ? . = 102 and 1632. 

17. £700 was divided among four people, whose shares were in 
equirational progression ; the difference between the greatest and 
least shares was to the difference between the mean shares as 
87 to 12 ; what were their several shares ? 

= £108, £144, £192, and £256. 

18. The sum of four numbers in equirational progression is 200, 
and the sum of the first and second is to the sum of the third and 
fourth as 2 is to 18 ; what are the numbers ? 

= 6, 16, 45, and 135. 

19. A debt can be discharged in a year of 52 weeks by paying 
3 shillings the first week, 5 the second, 7 the third, and so on ; 
required the amount of the debt, and of the last payment, 

= £140, 8s., and £5, 5s. 

20. Determine the relations that must exist between a, h, and c; 
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p, q, «nd r ; 80 that a, h, and c may be the^t*, jth, and rth terms of 
an eqmdifferent progression. 

Let/= the first term, and d = the common difference ; then 

/+ Cp - ly = a (1),/+ (q -V)d=h ... (2), 

and /+(r-l)rf=c ... ... (8). 

Multiplying the first by {q — r), the second by (r — p\ and 
the third by (p — g') ; and then adding the tluree results 
(Chambers's AlgehrOy Art. 272), the terms on the first side 
become zero, and the second 

{q — ryi + (r — p)6 + (/> — q)c, which therefore = ; 

and dividing by ahc, we have 



he ac ab 

21. There are four numbers in equidifferent progression such 
that if 1 be added to the first and second terms, 3 to the third, 
and 9 to the fourth, the sums will then be in equirational 
progression ; required the numbers. 

Let the numbers be represented hy a, a + d, a + 2df and 
a + 3(/; then we have 

o 4- 1 : a + cf + 1 : : a + (f 4- 1 : a + 2cf 4- 8 ... (a), 

anda -f rf4- 1 : a 4- 2cf 4-3 :: a 4- 2J 4- 8 : a 4- Bd+9,,. (b). 

From (a), c?' = 2a 4- 2 ; and from (6), d^ = 4a ; whence, 
a = 1, and d =.2; and the numbers are 1, 3, 5, and 7. 

22. There are two series — one equidifferent, the other equira- 
tional — each consisting of three terms. The 1st, 2cl, and 3d terms 
of the equidifferent series are severally contained twice, thrice, 
and six times in the corresponding terms of the equirational 
series ; and the sum of the first and third terms of the equidifferent 
series is 20 ; what are the series ? 

Equidifferent = 5, 10, 15 ; equirational = 10, 30, 90. 

23. There are four numbers in equidifferent progression such 
that the product of the extremes is 3700, and the product of the 
means is 3828 ; find the numbers. 

Assume the series to be a: •— 8y, a: — y, a: 4- y, and x + 2y; 
then jc* - 9/ = 3700, and x« - y* = ^28, fi«)m which 
y = i, and a: = 62. 

Hence the numbers are 50, 58, 66, and 74. 

24. In an equidifferent progression consisting of ten tenns, the 
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excess of the last fotlr terms above the first four is 48, ind the 
sum of the second and fifth terms is 20 ; find the series, 

= 6, 7, 9, 11, 13, 16, 17, 19, 21, and 23. 

25. In an equirational progression consisting of seven terms, 
the sum of the first three terms is to the sum of the last three as 
13 is to 1053, and the sum of the first and third terms is 20 ; find 
the series, . . . = 2, 6, 18, 54, 162, 486, and 1458. 



PROPERTIES OF NUMBERS. 

1. What is the least number by which 12 can be multiplied, 
so that the product may be an exact cube ? 

Since 12 = 4x3 = 2' X 3, and no number composed of 
different factors can be an exact cube, except each of the 
different factors be cubes ; 2 and 3 must both be made 
cubes, therefore 2' X 3' -^ 2^ X 3 = 2 X 3* = 2 X 9 = 18, 
is the multiplier required. 

2. By what number must 64 be multiplied, that the product 
may be a complete fourth power ? 

Here 64 = 2 X 27 = 2 x 3' ; thence the multiplier sought 
is 2* X 3* -T- 2 X 3» = 2» X 3 = 24. 

8. If n be any whole number, either odd or even, prove that 
n(n 4- 1)(« + 2), and n(n — l)(n — 2), are each divisible by 6 
without a remainder. 

Since n or n + 1 is divisible by 2 without a remainder, and 
n or n ± 1, or n + 2 is divisible by 3 without a remainder, 
there is at least one factor divisible by 2, and one of the 
factors is divisible by 3 ; therefore the whole is divisible 
by 2 X 3 = 6. 

4. If n be any whole number, either odd or even, prove that 

nXn± l)Xn ± 2)«(n ± 3)» is divisible by 576 without a remainder. 

In the same manner, as was shewn in Ex. 3, one of the simple 

factors is divisible by 2, another by 3, and another by 4 ; 

and as they are all squares in the given expression, their 

product will be divisible by 2* X 3^ X 4' = 676. 

6. If m be any whole number, odd or even, then m' + 5wi is 
■divisible by 6 without a remainder ; required a proof. 

Since every whole number is either of the form 3n or 3n ± 1 , 
in" + brn is either of the form 27n' + 16n = 3n(9n* ■+• 6), in 
which, if n be even, Bn is divisible by 6 ; but if n be odd, 
9n* 4- 6 is even, and therefore divisible by 2, and 8n is 
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dirisible by 3, and therefore the whole is dWisible by 6 ; or 
3m» 4- 6ot is of the f6nn (3n ± 1)» + 6(3n ± 1) = 27n« 
± 27n» + 9n + 1 + 15n ± 6 = 27n» ± 27n* + 24» ± 6 
= 3n{n(9n ± 9) + 8} ± 6, which is evidently divisible 
by 6, if 3n{n(9n ± 9) + 8} be divisible by 6. Now, if n be 
even, 3n is divisible by 6 ; out if n be odd, then n(9ni:9) + 8 
= 9n(n ± 1) 4- 8 ; where, if n be odd, n ± 1 is therefore 
even ; and n(9n ± 9) + 8 is divisible by 2, and therefore 
the whole by 6. 

6. Decompose 277200 into its prime factors, and find the 
multiplier that will make it a perfect cube. 

Its prime factors are 11, 7, 8^ 5^ and 2*; hence the factor 
by which it must be multiplied, that the product may be a 
perfect cube, is 

11' X 7» X 8 X 5 X 2' = 365740. 

7. If R be any whole number, either n* or n' ± 1 is divisible by 
5 without a remainder ; required a proof. 

Since every square number ends in one of the six digits, 
0, 1, 4, 6, 6, or 9, and that every number that has its right- 
hand digit either 5 or is divisible by 5, the truth of the 
theorem is obvious. 

8. Shew that the difTerence of the squares of any two odd 
numbers is divisible by 8. 

Since every odd number is of the form of 2n + 1, let the one 
be 2n + 1, and the other 2n'4- 1 ; we have 

(2n + ly -(2n' + 1)' = 2(n + n' + 1)X 2(n - n') 

= 4(» + n'4-lXn~»'); 
now n — n' is even, and is therefore divisible by 2, and 
hence the whole is divisible by 8. 

9. If two numbers differ by 1, prove that the difference of their 
sqi^ares is equal to the sum of the numbers. 

liet the less = n, then the greater = n + 1, and the difference 
of their squares is 

(n + 1)' - n' = (n + 1 + nXn + 1 - «) 
= 2n 4- 1 = their sum. 

10. If two numbers differ by any number a, prove that the 
difference of their squares is equal the sum of the two numbers 
multiplied by a. 

Let n = the less, then n 4- a = the greater, and the difference 
of their squares is 

(n 4- a)« — n* = (n 4- a 4- »)(« + a — n) = (2n + a)a. 
o 
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11. If the sum of two fractions = 1, prove that their difference 
is eqnal to the difference of their squares. 

Let the fractions he represented hy - and IlZL^ then their 

y y 

sum is evidently = 1, and their difference -, also the 

difference of their squares is 

y-x ^ 2x'-y __2x'-y 



©-(^^'^^x 



y y 

12. Prove that the product of two odd numhers is odd; and 
that the product of two even numbers, or of an even and an odd 
number, is even. 

Let the two odd numbers be represented by 2n4-l and 2n'+ 1, 
their product is 

inn'-\- 2(n + »')+! = 2(nn'+ » + «') + 1» 

which is evidently odd ; again, let the two even numbers 
be represented by 2n and 2n\ their product Ann! is evidently 
even ; lastly, if one be even, and the other odd, they may 
be represented by 2n and 2n'+ 1, and their product is 
2n(2n'+ 1), an even number. 

13. The product of the sum of two squares, by the sum of other 
two squares, is the sum of tw» squares ; required a proo£ 

Let the fipt two squares be represented by a' and 6^ and the 
second oy m' and n? ; then 

(a« + 6»Xn»' + »*) = «W + ftW -^c^^ + JV 

= a^m^ + J V + aV + 6 W 
= oW + 2amhn -)- JV + c^n* — 2amhn + 6W 

= (am 4- hnf ■+• (an — hmf, 

14. Prove that twice the sum of two squares is equal to the sum 
of two squares. 

Let a^ and h^ be any two squares ; then 

2(c? + 6«) = «« + 2a5 + 6» + a* -- 2ah + V" 
= (a + hy + (a - hy. 

15. Prove that three times the sum of three squares is equal 
to the sum of four squares. 

Let the three squares be represented by a*, &', and <? j then 

3(a« + 6« + O = (a + & + c7 + (a - 6)* 
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Fop (o + 6 + c)* = a«+ &«+ c2+ 2a5 + 2ac + 26c, 
(a - 6)» = a2+ 6*- 2a6, 
(a — c)» = a*+ c*- 2ac, 
(6-c)« = 6*+c*-26c; _ - 

and adding, we have 

16. Frore that fonr times the sum of four squares is equal to 
the sum of seven squares. 

Let the squares be represented by a', 6*, c', and rf' ; then 
4(a« + ft«4- c^ + O = (« + * + c + rf)' + (a - 6)« 

+ (b-cy ^ (b - dy+ (c -^ dy. 

This may now be proved by expanding and adding, as in the 
last exercise. 

17. Prove that five times the sum of five squares is equal to the 
sum of eleven squares. 

For, as in the last two exercises, it may easily be shewn that 

5(a2 4- 6^ + c* 4- rf* + O = (« + ^ + c + rf + e)« 

+ («-&)'* 4-(a-.c)» 

+ (a - c/y + (a - e)« + (6 - c)* + (6 - rf )« 

+ (ft-e)» + (c-(f)»+(c-6)» 

+ (d— ef = the sum of eleven squares. 

Note. — Combining the above three exercises with the principles 

of combinations, it may easily be shewn that n times the sum of 

n squares is equal to the sum of -~ — r— ^ + 1 squares ; so that 

12 times the sum of 12 squares may easily be shewn to be equal 

12 X 11 , , ._ 
to -f 1 = 67 squares. 

X X ia 

18. In what scale of notation is the number 187 equal to 247 in 
the common denary scale ? 

Let r = the base of the scale, then we have the following 
equation : — 

r2 + 8r+ 7 = 247; 

hence, r = 12, the duodenary. 
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19. In what scale of notation is the number 473 equal to 1S9 in 
the common denary scale ? 

Here ^r* + 7r + 8 = 189; 

hence, r = C, the senary scale. 

t'r. • 

\%^lljal^&t scale of notation is the number 10404 equal to 729 
in the *SSgpi^n denary scale ? 
'^'•$ej!b' '•' • r* + 4r» + 4 = 729 ; 

hence, r = 5, the quinary scale. 

21. In what scale of notation is the number 50407 equal to 
^0748 in the common denary scale ? 

Here 5r* + 4r* + 7 = 20743 ; 

hence, r = 8, the octary scale. 



PERMUTATIONS AND COMBINATIONS. 

1. How many days can 6 persons be placed in different positions 
about a table at dinuer ? 

Here the number of days = 6x5x4x3x2x1 = 720 
days. 

2. How many permutations can be formed from the letters of 
the word Edinburgh ? 

Here the permutations sought are 

9X8X7X6X5X4X3X2X1 = 362880. 

3. The number of combinations of (n + 1) things, taken (n — 1) 
together, is 78 ; shew that the number of permutations of n things, 
taken four together, is 11880. 

The combinations of (n + 1) things, taken (n — 1) together, 
is the same as the number of combinations of (n -{- 1) things, 
taken two together ; 

hence, ^"^ ^ P^ = 78, or n' -\- n = 156; 

or n + ^= V; •••«= 12. 

Hence, n(n - l)(n - 2Xn - 3) = 12 X 11 X 10 X 9 



= 11880. 
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:'. 4.- The number of permutations of (n + 1) things, taken two 
together, is 240 ; shew that the number of combinations of n things, 
taken five together, is 3003. 

The permutations of (n + 1) things, taken two and_two 
together, is (n -f l)n ; and therefore (n -f- l)n = T " 

Hence, ii*4-« + i = ^-J-; .*. n = 16. 

The combinations, taken five together, are £S 
n(n - iXn - 2)(n - 3)(n - 4) ' - 

1.2.3.4.6 ' 

15 X 14 X 13 X 12 X 11^3^3^ 




IX 2x 3X 4X 6 



5. The number of combinations of (m + n) things, taken two 
together, is 78 ; and the number of permutations of (m—n) things, 
taken two together, is 6 ; find the number of permutations and of 
combinations of m things, taken n together. 

The combinations of (m + n), two together, is 
(to 4- nXm + n - 1) _ -„ . 

"^ r:2 -^®' 

and hence, (to + n)* — (m + n) + J = ^|a j 
.•.m + n = 13 ... (a). 

Again, .the permutations of (m — n) things, taken two 
together, is 

(to — n)(TO — n — 1) = (to - ny — (to — n) = 6, 

or (m -n)«- (to - «) + J = y; 

.•. TO - n = 3 ... (5). 

From (o) + (fi), 2to = 16, and .•. to = 8 ; 

and from (a) — (6), 2n =^ 10, and .•. n = 5. 

Hence the permutations are8x7x6x5x4 = 6720, 

, ,, T.. X. 8x7x6x5x4 

and the combmations are r z =- = 56. 

1x2x3x4x6 

6. The number of permutations of n things, taken five together, 
= 7 times the number, taken four together ; find n. 

Here n(n - IXn •- 2)(n - 3X» - 4) 

= 7n(»-lX«-2X«-8); 
. -.11-4 = 7, 
by dividing both sides by ii(» — 1X» -• 2X« — 3)» 
and •'. n = 11. 
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7. Of the permutations fonned with the nine letters of the 
word Edinhorgh, taken all together, how many hegin with £d?— 
how many with Edi ? — ^how many with Edin ? 

The numher of permutations beginning with Ed is evidently 
the number of permutations formed with the other seven 
letters, and is therefore 
y; . 7X6X6X4X3X2X1 = 5040. 

f d^ ^ho9!e beginning with Edi are the number of permutations 
of the remaining six letters, and is therefore 
6X6X4X3X2X1 = 720. 
8d, Those beginning with Edin is the number of permutations 
of the remaining five letters, and is therefore 
6X4X8X2X1= 120. 

8. How many different sums may be formed with a guinea, 
a half-guinea, a crown, a half-crown, a shilling, and a sixpence? 

Since ^ere are 6 different coins, and they may be taken in 
any number to form a sum, we have as follows : — 

The combinations, 1 at a time =6. 

6x6 

ff ,f , 2 «f = y-^, . . . =15. 



6x6x4 

1.2.8.' 
6X5X4X3 

1.2.3.4' 
6x6x4x3x2 

1.2.3.4.6 ' 



'^ " =T:^' • • =20. 



'* '^ = 1.2.3.4' • =^^- 



= 6. 



6X6X4X3X2X1 
" '^ " = 1.2.3.4.6 Tir' = ^- 
Therefore the total number of different sums that can be paid 
with these six coins = 6 + 16 + 20 + 16 + 6 + 1 = 63. 

9. Of the different combinations of the nine letters of the word 

Edinburgh, taken five together, in how many will the letter 

e occur, and in how many will it not occur ? 

The number of combinations in which e occurs, will evidently 

be the number of combinations of the remaining eight 

. .,. T-. ,.1 8X7X6X6 ^^ 
letters, taken four together, which is , . , -j" — ^^* 

And the number of combinations in which the letter e does 
not occur, will be the number of combinations of the 
remaining eight letters, taken five together, which is 
8X7X6X6X4 „_ 
1.2.3.4.6 =^^- 
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10. Ont of 19 consonants and 6 Towels, how many different 
words can be formed, liaving 2 consonants and 1 yowel in each ? 
The number of different permutations that can be formed of 

19 consonants, taken 2 together, is 19 X 18. 
And since the vowel may either be placed before the 2 con- 
sonants, between them, or after them, 19 X 18 X 3 is the 
number of words that can be formed with 1 vowel ; but as 
there are 6 vowels, and the same number of words can be 
formed with each, the whole number of words will be 

19 X 18 X 3 X 6 = 6166. 



METHOD OP UNDETERMINED COEFFICIENTS. 

1. Develop ■^— — intjo a series. 

Assume ^- — = A + Bar + Ca:* + Da:* + &c. ; 

and multiply both sides by 3 + ^i which gives 

1 = 3A + (3B + A)a: + (3C + B>*H- (3D + C>»+ &c. 

Then equating the coefficients of the like powers of x on 
both sides, we have 

3A = 1, 3B + A = 0, 3C + B = 0, 3D + C = 0; 

from which A = i, B=:-^, C = ^andD=— ^; 

hence the series is = ^ — ^ + ^x' — ^x^ + &c. 

I 

2. Convert ^ . ^ — ; — = into a series. 

1 + 2a; + ar 

Assume, as in the last example, the series to be 

A + Ba: + Car* + Dar' + &c. ; 

then multiply both sides by 1 + 2a; + a:^, and equate the 
coefficients of the like powers of x on both sides, 
observing that those on the first side are all zero, and 
we have the following equations : — 

A = 1, B + 2A = 0, C + 2B + A = 0, 
and D + 2C + B = 0; 

whence, A=l, B=— 2, C = 3,andD=— 4; 

.♦. 1 _ = 1 — 2a; + 3a:*- 4a^4- 5a;*— &c. 

1 + 2a; + a;* -^x -r o* *x -p u* 
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98 BXERGISES IN ALGXBBA. 

3. Develop \^(a'— 3?) into a aeries. 

Here, if we assume the series to be 

A + Bx + Ca:* + Da;' + &C^ 

it will be found that the coefficients of the odd powers 
of X are all zero ; therefore let 

V(o*- x*) = a + Ba:*+ Cx*+ Da:«4- &c. ; 
and square both sides, which will give, by equating the 
coefficients, 

A«= a*, 2AB = - 1, 2AC + B»= 0, 
2AD4-2BC = 0; 

.•.A = (i,B = --,C=-g^, 

and D = i-r. 

16a* 

Hence, V(a«-a:^ = a-|^^iJ-^-&c 

4. Find three fractions whose sum is -7 j. 

X* — a* 

Since x* — a* = (x» + a«)(x + aXx — a), assume the 
fractions to be 

_jA_ _B__ _C^^_1_. 
a?-\-a^^x-\-a^x-a x* — o*' 

hence, A(x"- a«) + B(x»+ o^x - a) 
+ C(x*+ <^x + a) = 1 ; 

•*• ^ == " 2;?' ^ "= ■■ 4?' ^ ^ !?• 
Hence the firactions are 

1 1.1 



2a«(a« + X*) 4a»(x + a) ^ 4a»(x - o)* 

x-1 



5. Find three fractions whose sum is • 



x» + 8x* -h 21x + 18' 
Since x' + 8x* + 21x + 18 = (x + 3)*(x + 2), assume the 
fractions to be 

A . B . C x-1 



t "^ * a- ft ■*" rr-f-3)' '' 

+ B(x 
= x-l. 



x + 2^x + 3^ (a:+3)« x« -}- 8x» + 21x + 18 ' 
hence, A(x + 8)« + B(x + 2Xx + 3) + C(x + 2) 
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Assume a: = — 8, .•. C = 4 ; 

assume a: = — 2, .•. A = — 8; 

substituting these values of A and C, we find B = 3 ; 
ar- 1 8 3.4 



• x» + 82:* + 21x + 18 x + 2'^ x + S^ {x + Sy^ 

Bx* - 7a: + 6 



G. Find three fractions whose sum is - 



(x-l)» 



^,8a:»-7a: + 6 A. B . C 
^* — 71 nr— = Z T + 7Z TS + 



(ar - 1)» "" X - 1 "^ (a: - 1)* "^ (a: - 1)' 
and let z = a: — 1 ; 

,^ Sx* - 7a: 4- 6 Sz"- « + 2 3 1.2 

- « ^ z« ^ z» ' 

.•. A = 3, B = - 1, and C = 2; 

-, 3a:'-7a: + 6 8 1.2 

andhence, ^^^^^ =-_,__ + __. 

7. Find three fractions whose sum is 7 ^. ^ .T^^ r. 

(x — a)(x — o)(x •— c) 

ABC 

Assume the three fractions to be 1 r 4- ; 

X — a X — 6 X — c 

then since the relation sought is Independent of the 
value of X, we may assume any value we please for x in 
the equation 

X* + px + S' = A(x — b)(x — c) 
+ B(x - aXx - c) + C(x - aXx - 6), 
without destraying the equality. 
Now, if X = a, it reduces to 

fl? +pa + g = A(a — b)(a — c) ; 
. A- «'+/^« + ? 

Similarly, by assuming x = &, and x = c, we find 

and therefore 

g* -{- ;px + g g* -{- jpg -{- y 

(x - aXx - 6X« -c)" (^a-^ bXa - cXx - o) 

, y +;?& + y J c»+yc + g 

"*■ (6 - aX6 - cXx - 6) "^ (c - aXc - 6Xx - c)' 
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3a: + 6 



8. Find three fractions whose sum is - 



(x~2Xa:-3Xr-4y 
Proceeding exactly as in the last exercise, and assuming 
a; = 2, a: = 8, and a: = 4 in succession, ve find 

A = V, B = - 14, and C = V ; 

8g-fg 11 _ 14 17 

•'•(a:— 2Xa:-3Xa:-4) 2(a:-2)* a: - 3 "^ 2(a;-4y 

9. Find four fractions whose sum is (^,2)^-4)0r-6Xx-8y 
Assuming the fractions to be 

ar-2^a:-4^a:-6^a:-8' 
we have a;' + 3a: + 4 

= A(a: - 4Xa: - 6)(a: - 8) + B(a: - 2Xa: - ^Xx - 8) 

+ C(a: - 2Xx - 4Xa: - 8) + B(x - 2Xx - 4Xa: - 6), 

in which let a: = 2, then A = — ^t > 

x = 4, If B= + 2 ; 

r = 6, .. C=-V; 

a: = 8, If I>=+H; 

a:^4-3ar+4 

•*• (x - 2Xa: - 4Xa: - e)(x - 8) 
7.2 29 . 23 



24(a: - 2) ^ a: - 4 8(a: - 6) ^ 12(a: - 8)' 

10. Find the sum of the series 1.2 + 2.3 + 3.4 + &c., to 
n terms. 

Here the general term is n(n + 1), ai\d such series can all be 

summed as follows : — 
Assume the series = An' + Bn'+ Cn, in which the highest 
power of n is one greater than the number of factors in 
each term of the series ; then if for n we put n + 1, this 
will be carrying the series one term further, and the 
difference of the two series will plainly just be the additional 
term; thus 

An' + Bn« + Cn 

= 1.2 + 2.3 + 3.4 + ...n(n+l) ... (a); 
hence, A(n + 1)« + B(n + 1)« + C(n + 1) 
= 1 . 2 + 2 . 3 + 3 . 4 + ... n(n + 1) 

+ (a + lXn + 2) (6); 

. • . 8An« + (3A + 2B)n + (A + B + C) 

= n« + 3n+2 ... (6) - (a). 
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Equating the coefficients of the like powers of n on both 
sides, gives 

3A = 1, 3A + 2B = 3, and A + B + C = 2 ; 

whence, A = ^, B = 1, and C = %; 

and the series is therefore 

1.24"2.3 + 3.4...n(n + l) 

= K + n'' + |» = l(n + IXn + 2). 

11. Find the sum of the series !« -|- 2^* + 3' -f 4* + &c., to 
12 terms. 

Here the general term is n^ ; and proceeding, as in last exercise, 
we find the sum of n terms 

^ n(n + mn + 1) . ... ^o ,um of 12 = 660. 

D 

12. Find the sum of the series 3 . 6 + 6 . 8 + 9 . 11 + 12 . 14 
4- &c., to 9 terms. 

Here the general term is 3n(3n + 2) ; and proceeding, as in 
the 10th exercise, 

3An« + (3A + 2B)n + A + B + C 
= 9n' + 24n + 15 ; 

.'. A = 3, B = V, and C = f j 

n 

hence the sum of n terms is = —(n + l)(2n + 3), 

2 

which, for n = 9, becomes V X 10 X 21 = 2836. 

13. Find the sum of n terms of the series 1.2' + 2.8' 
+ 3 . 4' + &c. 

Let An* + B»» + Cn" + I>» 

= 1.2» + 2.3' + ...n(n + iy; 

then A(n + 1)* + B(n + 1)» + C(n + 1)» + D(n + 1) 

= 1.2« + 2.8'+...<n4-l)« + (n + lX7i + 2)«. 

Subtracting the first equation from the second, w'e have 

4An» + (6A + 3B)n* + (4A + 3B + 2C)n 

+ A + B + C + D = 7i» + 6n« + 8n + 4 ; 

hence, 4A = 1, 6A + 3B = 5, 4A + 3B + 2C = 8, 

and A4-B + C + D = 4; 

.-. A = i, B = I, C = J, and D = f. 
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The sum is therefore -r- + -^ + —- + — . - . 

14. Find the sum of n terms of the series 1» + 2» + 8» 
+ &c., n». 

Assuming the series, as in the 13th exercise, we find, after 
subtracting, 

4An» + (6A 4- 3B V + (4A + 83 + 2C)n 

+ A + B + C + D = n» + 8f»*+3» + l; 

hence, 4A = 1, 6A + 3B = 3, 4A + 8B + 2C = 8, 

and A + B + C4-I>=1; 

.-. A = J, B = I, C = J, and D = 0. 

The «um is therefore -p + -r- + -p = , = the 

4 2 4 4 

square of the sum of the numbers. 

15. Sum the series 1.2.3 + 2.3.4+8.4.5 + &c., to 
n terms. 

Here the general or n^^ term is n(n + !)(« + 2); and 
assuming the same series, and operating, as in the 13th 
exercise, we find 

A = J,B=:J,C = V.andD = J; 
.•.1.2.3 + 2.3.4 + ... n(n + lX« + 2) 
_ n* 6n» n^ 6n 
""4"*"4*^ 4 ■*'4 

= j(n+lX« + 2X» + 3). 

16. Sum the series 1.3.5 + 2.4.6 + 8.6.7 + &c., to 
n terms, and find the sum when n = 20. 

Here the general or nth term is n(n + 2)(n + 4); and 
assuming the same, as in the 18th exercise, we find 

A = i, B = y , C = V» and I> = y ; 

.•.1.8.6 + 2.4.6 + ...<n + 2Xn + *) 
n* . 10n» . 29n» , 20n 

= T + -4- + nr + -r 

n. 



= j(n + IXn + 4Xn + 5). 



And making n = 20, in the above result, we have the sum of 
20 terms 

= 6 X 21 X 24 X 26 = 68000. 
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17. Find the sum of 16 terms of the series whose general term 
is (2n + l)(8n — 1) ; and find the general expression for the sum 
of n terms. 

Since each term of this series contains only two factors, 
assume the same series as in exercise 10, and it will be 
found that 

A = 2,B=^,C=i; 

and therefore the sum of n terms 

= 2n» + in" 4- i« = ^(4n + 3Xn + 1) - »• 
For n = 16, the sum is V X 67 X 17 - 16 = 9096. 



BINOMIAL THEOREM. 

. Expand hy the Binomial Theorem 

1. (a -}- xf, = a' + 2ar 4- x*. 

2. (a - x)\ =a»-2aa: + a:*, 

3. (1 4- 2xy, = 1 + 4x + 4a:«. 

4. (1 - a:)^ . . . . = 1 - 32: + Bx" - x\ 
6. (1 + 2xy, . . . . = 1 + 6x + 12a:2 + 8a:». 

6. (a 4-3a:)^ . . . = o' + 9a«x + 27aa:« + 27x». 

7. (2a - 3xy, = (2a)» - 3(2a)»(3a:) + 3(2aX3a:)* - (8x)» 

= So* - BGa'x + 64ax- - 27x». 

8. (1 + a:)*, . . . = 1 + 4x 4- 6a:* + 4a:» 4- a:*. 

9. (1 - 2a:)*, . . = 1 - 8a: + 24a:' - 32a:» + lQx\ 

10. (1 + Bx)\ . . = 1 4- 12a: + 64a:« 4- 108a:» + 81z*. 

11. (a + xy, = a» + 6a*x + lOaV 4- lOaV 4- 6aa:* + x». 

12. (1 4- 2xy, . = 1 4- 10a: 4- 40x' 4- 80a:» 4- 80a:* + 32ar». 

13. (1 - 3a:)*, = 1 - 16x 4- 90x^ - 270a:* + 406x* - 243ar». 

14. (a 4-ij:)*, =:o-4-4a*x + JaV4-JaV4-T\«a;*4-uV^- 
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16. (2a-3x)», 

= (2a)» - 6(2ay(Sx) + 10(2a)»(8x)» - 10(2ayC8ar)» 

+ 5(2aX3j:)* - (3*)* 
= 32a» - 240a*a: + 720a»a;» - 1080a*x* + SlOor* 

- 243x». 

• 16. (1 +sxy, 

= 1 + 18a: + 135:r» + 640a:* + 1215a:* + 1468a:» 
+ 729a:«. 

17. (2a- xy, 

= 64o« - 192o*a: + 240aV - 160aV + 60aV 

- 12aa:» + x'. 

18. "(1 -4a:)«, 

= 1 - 24a: + 240a:» - 1280a^ + 3840ar* - 6144x» 
+ 4096x«. 

19. (2x + Byy, 

= (2a:)* + 6(2a:y(8y) + 10(2x)»(8y)« + 10(2xK3y)» 

+ 6(2xX8y)* + (3yy 
= 32a:* + 240x*y + 720a:»y* + 1080^ + 810ay* 

4- 243y*. 

20. (8a: -2y)*, 

= (3x)* - 6(3xy(2y) + 10(3xK2y)'' - 10(3a:/(2y)» 

+ 6(3a:)(2y)*-(2y)* 
= 240a:*- 810x*y + lOSOa^y* - 720a:^y» + 240a:y* 

-32y*. 

21. (1 + xy*, 73* 4- ^x' 

==l-2a:4-8a:^-4a:» + 6a:*-6a:* + ^-±^. 

(1 + X) 

22. (1 - a:)-', 7a:«-6a:' 

= 1 + 2a: + 3a:^ 4- ^a:* + 5x* + ftg^ + ^7 _ ^y » 

28. (1 +2a:)-«, 

= 1 - 6a: + 24a:« - 80ar» + 240x* - 672a:* + &c. 

24. (1 + i)"', 

= (j-^Y = a:* - 3x* + 6a:* - 10x« + 16a:' 

- 21a:» 4- &c. 

The former expansion will give a converging series, if a: is very 
small ; and the latter, if a: is very great. 
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25. (1 -Jx)-, 

= 1 + X -f 1^ + J^a:» + A** + A** + &C. 

36. (1 + ar)*, . = 1 + Jx - ix» + ^a^ - ^ri^ + &C 

27. (1 - x)*, . =l-ix-ix»-Vira^-Tj^-&C 

28. (a* + x»)*, a:* ar* x« a» 

X* X* X* X* 

or a + 1^ - i^ 4- A^ - rfy^ + &C- 

29. (a« - x»)* a* X* x« x« , 

30. (a + x)*, X x* x» X* , 

31. (a - x)*, ar X* «• x* « , 

32. (1 - x)-*, 

= 1 + i^ + 1^ + T^ar" + ^^\Ax* + ... 
1.8.5.&c.(2r~ l) 
+ 2.4.6.&c.(2r) ^ + *«• 

88. (a* - x«)-*, 

= a-« + ia-«x* + Ja"Tx* + Ha'Ta^ + ... 

1.4.7.&c.(3r-2) 
^ 8.6.9.&c.(8r) " >^-r«^ 

84. (1 - x«)-J, 

= 1 +lx»+ V^* +«:c- + *Hx» + ... 

3.6.7.&c.(2r + l) ^ ^^ 
^ 2.4.6.&c.(2r) ^ 

85. (1 -2x + x^», 

=(1 - a:)« = 1 - 6x + 16x» - 20x» + 15x* 
-6x» +x«. 
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36. (1 + ar + x*)*, 

= {(1 +a:) + x^y = (1 + xy + 5(1 + a?)*a? 
4- 10(1 + x)V + 10(1 +x)V+(l +a:)x*-fx»». 
Again, expanding each of the terms within parentheses, 
and collecting the same powers of x into one term, the 
expansion becomes 
1 + 5x + 16^ + 30:t* + 45x* + 51ar* + 46a:« 
+ 30a:^ + 15x» + 5a:» + x". 

37. (l-x-i-xy, 

= {(1 - a:) + x'Y = (1 - xy + 5(1 - ar)V 
4- 10(l-ar)V+10(l-ar)V+5(l-a:):c»H-ir" 

=zl — 5x -{- I5x^ - 30x» 4- 4:5x* - 61a:* + 45a:« 
- 30ar^ + 15a:''- 53* + a^\ 

38. Find an approximate value to the cube root of 31 by the 
Binomial Theorem. 

(31)* = (27 + 4> = 3(1+T\)i. 
Hence, in 30th exercise, for a substitute 27, and for x substi- 
tute 4, and then find the numerical value of each of the 
terms, And the result will be the value sought, which is 
3-1414 ; or, more nearly, 3*14138. 

39. Find an approximate value to the -^120. 

Since V = 1, and 2^ = 128 ; .-. -^120 is less than 2 ; 
but -^120 = ^(128 - 8) = 2^(1 - Tfr) = 2(1 - ^)^ 

and 2(l-iy=2(l-i,y 

= 2(l-^J,-|.^(i,y-^f.3i?^.(J,y--&c. 

- &c.) 



= 2(1- 


1 3 39 


112 12544 4214784 




Ti2 = *^^«^^^^ 




12544 =-^^^2^^^ 




— 'OnoonQO 




4214784 - ^^^^^^^ 


Sum 


= -0091768 


Subtract from 


1- 


Remainder, 


•9908232 


- 


2 



.-. ^120 = a-9816464 
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40. Find the term which involves a"Z>' in the expansion of 

' Here the po>ver of a in the first term of the expansion is the 
27th, and its powers will diminish by 2 in each successive 
term, (27 — 13) - 2 = 14 ^ 2 = 7, the number of term 
before that sought ; it is therefore the 8th, which is also 
evident from the power of 6. 

Therefore the term is ^'g 3 4 5 6 ^''"^' "^ ^a>^h\ 



41. Find the 6th term in the expansion of (a + 6)', 

^8X7X6X5^, 
1.2.3.4 

42. u 6th n expansion of (a - x)", 



_^ n(^-lXn-2Xn-3Xn- 4) 

1.2.3.4.5 •" "^^ 



1\" 

43. w 8th term in the expansion (1 j , 

_ __ 12X11X10X9X8X7X6 ' J_ _ _ 700 J^ 
"" 1.2.3.4.6.6.7 ' x' " x'' 

44. » 6th term in the expansion of (a* — j:^)t, 
(a* — x^i = a\l J ) ; and hence the 6th term 

-" ^ 1.2.3.4 V aV -T^- 

45. Find the ( „ + 1)^^ term in the expansion of (a + x)". 

Here n must be even, and the term sought is the middle 
term, which is 

«(n-lXn-2).&c.(tB + l) j; 
1.2.3.4.&cin 
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SERIES. 



1. Find the first term of the second order of differences of the 
series 1 . 2, + 2 . 3 +* 3 . 4 + &c., 

Gfj = a - n6 + ^^" 2 ~^ = 2-2. 6 + 12 = 2. 

2. Find the^ first term of the third order of differences of the 
series 1.2+2.3 + 3.4 + 4.6 + &c., 

, , . n(n - 1) ^ n(n - l)(n - 2) , 
rf3=-a + n6 172-^+ 1.2.3 ^ 

= -2 + 3. 6-3. 12 + 20 = 0. 

3. Find the 7th term of the series 2 + 6 + 12 + 20 + &c., in 
terms of its several orders of differences. 

The general formula for finding any term of a series in terms 
of its differences is, the nth term = 

where a = the first term of the given series, n = the num- 
ber of the term sought ; and cf„ d„ d^y &c., the first term of 
the first, second, third, &c., orders of differences ; 

.-.theterm sought = 2 + 6 X 4 + -^— -.X2 ^ 66. 

4. Find the first term of the third order of differences in the 
series 1.2.3 + 2.3.4 +3.4.5 +4.6. 6 + &C., . . =6. 

6. Find the 12th term of the series whose first term is 6, first 
difference d^ = 18, second difference d^ = 18, third difference 
c?j = 6, and fourth difference = ,• 

12th term = 6 + 11 X18 + 1^^X18 + iV^-^^X6= 2184 ; 

or, from the first term and the differences the series itself 
may be found, which is that given in the 4th exercise; 
hence the term sought is evidently 

12 X 13 X 14 = 2184. 
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6. Find the sum of 18 terms of the series 3 + 11- + 31 + 69 
+ 131 + &c. 

Here a = 8, <ii = 8, d^ = 12, rfj = 6, c?^ = 0, And n = 18^ 

. 18X17X16X15 ^ ««,„^ 
+ 1.2.3.4 Xg = ;^9*80- 
The general term of this series is {»' + (n + 1)}. 

7. Find the sum of 20 tenns of the series 4 + 10 + 18 + 28 
+ 40 + &c. 

Here a = 4, cf, = 6, c^ = 2, cf, = 0, and n = 20 ; 

^^ , . 20X19 ^ . 20X19X18 „ „,^^ 
.-. « = 20X4 + -^-^X6 + -y-^-g— X2 = 3600. 

The general term of this series is n^ + 3n. 

8. Find the sum of 30 terms of the series 3 + 7 + 13 + 21 
+ 31 + &c. 

Here a = 3, <ii = 4, d;^ = 2, d, = 0, and n = 30 ; 

o^ « . 30X29 , , 30X29X28 ^ ^^^^ 
.-. « = 30 X3 + — — — X4 + —-——-— x2 = 9950. 
1 . J 1 . ^ • o 

The general term of this series is n* + n + 1. 

9. Find the 100th term of the series 2 + 7 + 14+23 
+ 34 + &c. 

Hero a = 2, (^ = 5, di = 2, d, = 0, and n = 100 ; 

.-.the 100th term = a + (n -IX + (^jzi^lzi?)^ 
= 2+99x5 + ^ X2 = 10199. 
The general term of this series is n* + 2n — 1. 

10. Find the 40th term of the series 2 + 11+32+71 
+ 134 + &c. 

Here a = 2, d; = 9, d^ = 12, d, = 6, d^ = 0, and n = 40 ; 

.-. the 40th term = a + (n - IX + ^'*""y^""^^ d;, 

. (n-lXn-2Xn-3)^ 
"^ 17273 ^' 

« . o.. f^ . 39x38 ,„ . 39X38X37^- 
= 2+39x9 + -^^-^Xl2+ ^^3 X6 

= 2 + 351 + 8892 + 54834 = 64079. 
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11. Find the sum of 30 terms of the series 2 + 11-1-82 + 71 
+ 134 + &c. 

Here a = 2,d^=9,d^ = 12, d^ = 6, rf^ = 0, and n = 30; 

..s=zna + -^72"'^^ + — r:2":3 — ^ 
+ <>--iX iz,gK!LziA)^^^2,n25. 

1 > « . o • 4 
The general term is n" + 2» — 1. 

12. Find the series of which a = 3, {fj = 6, c^ = 2, and rf, = ; 
and find its nth tenn, and the sum of 12 terms. 

The series is 3 + 9 + 17 + 27 + 39 + &c. 
Its n^ term is n* + 3» — 1. 
The sum of 12 terms is s = 872. 

13. Find the series of which a = 2, rf, = 7, d^ = 12, </, = 6, and 
dli = ; and find its general term, and the sum of 20 terms. 

The series is 2 + 9 + 28 + 65 + 126 + &c. 

Its general term is n* + 1. 

The sum of 20 terms is s = 44120. 

14. Find the series of which a = 5, rfj = 6, d^ = 2, and cf, = ; 
find also the general term, and the sum of n terms. 

The series is 6 + 11 + 19 + 29 + 41 + &c. 
Its general term is n' + 3n + 1. 
The sum of n terms is 

s-Bn+ ^ g X6 + j-g-^ X2 

_ 30n 18n* - 18i> 2i»* - eti* + *» 

16. The general term of a series n* — n* + 1 ; find the series, 
the first term of the several orders of differences, and the sum of 
20 terms. 

The series is 1 + 9 + 55 + 193 + 501 + &c. 

The differences are rf^ = 8, <^ = 38, <^ = 64, rf^= 24, d^ = 0. 

The sum of 20 terms = 678586. 
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1 1 1- &c. . . . r-: r to 71 terms : and 

1 . 3 ^ 3 . 6 ^ 6 . 7 ^ (2n - l)(2n + 1) ' 



16. Mnd, by the method of subtraction, the sum of the series 

.3^3.6^ 
also to infinity. 

then l + l + \ + l+...^^ = s+J^^-m; 

. , ,_..._2_ _3_ _2_ 2 _ 2b 

• . W W 1 3 + 3 5 + 5 ^ + - (2„_i)(2b+1) 2b+1 '' 



1.8^3. 5^6. 7^ *•• (2n-lX2n+l) 2n+l' 

Therefore the sum of n terms is - — — r- ; and if n become 
infinite, 2n + 1 

n ^ _1__ _ 1 

17. Find, by the method of subtraction, the sum of the eeries 

also to infinity. 

Tlie sum to n terms = -rj — -—^ : and to infinity = X, 
3(4n +3) ^ la 

18. Find the sum of the series :; — 7 + ^r — - + ;; — - + ... 
« 1 . 4 2 . 5 o . o 

• -7 — --rr, by the method of subtraction to n terms, and to infinity, 
then Ui + l + i + ... ' 



4'6'6'7^'*' n + 8 

_ ^ . 3n' 4- 12w + 11 _ 

■^ (» 4- !)(» + 2X» + 3) ^ ' 

subtrMtmg, -— r + — - + — — + .. 



1.4 ' 2.5 ' 8 . 6 ^ •*• n(n + 8) 

3n» + 1271 4- 11 

" ^ (n 4- l)(n 4- 2)Cn 4- 3)' 
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Hence, +4.4... 



1.4^2. 5^3. 6^ •*•<» + 
3n'^ + 12n + ll 
-^ 3(n+lXn + 2Xn + 3y 
which is the sum to n terms. 

If n be infinite, this sum reduces simply to \i, 
20. Find the sum of the series ~ — 5—5 + ; 



1.2.3^2.3.4 ^3.4.6 
4- &c., to n terms ; and also to infinity. 

" *^'' = 4(n+"lX« + 2) ' *° ^'^'^ = *• 

1 2*3 

21. Find the sum of the series + -f - 



1.3.6 ' 3.6.7 ' 6.7.9 
+ &c., to n terms ; and also to. infinity. 

" *"^ = 2(2n +"1X2] + 8) ' *° ^°^*y = i- 



22. Find the sum of the series 



9 1.2.3.4*2.3.4.6 

+ TT-z — =— ^7 + &c., to n terms ; and also to infinity. 
3.4.5.7 

<n + 4) . . ^ .^ , 

"^"°'' = 3(n+lX» + 3) >^^"^'"^ = ^' 



23. Find the sum of the series - — 5 — - — - + - 



9 



Ij 1.3.4.6'2.4.6.7 

4- - — - — - — - + &c., to n terms ; and also to infinity. 
3.5.6.0 
The general term of this series is 

(n + 3Xn + 5) - n(n + 2) 
*• „(„ + 2Xn + 3X« + 6) • 

Th. «i,m nf « f prm« n(7n'^ + 84n« + 303n + 806) 

The sum or n terms = 7777 — , ,>. — , ^v. — riw — ttn* 
40(w + l)(n + 2)(n + 4Xn + 5/ 

and the sum to infinity = -^^ 
Let i + i + i + J + &c., to n terms = »„ 
" T + i + i + i + &c., " " = Sin 
" i + T + i + ^^ + &c-> " " = «r 
andJH-^4-i + i + &c., n „ = 5^, 
then the series may be formed, and its sum found to 
n terms, by performing the following operation :— 
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2 3 

24. Find the sum of the series - — - , , + » — k ^ a 
4 i.o.o.7 0.5.7.9 



' + &c., to n terms, and to infinity. 



6 . 7 . 9 . 11 
The sum of n terms = ^ — 



10(2n + 1X2» + 6)' 
and the sum to infinity = ^. 



fflGHER EQUATIONS HAVING NUMERICAL COEFFICIENTS. 

1. Form the equation whose roots are 3, 7, and — 9) 

2. n If tr » are 10, 6, and — 1, 

= a* - 15x« + 44a: - 60 = 0. 

3. /' » f » are 6, ~ 6, and — 4, 

= a;« + 6x2 - 26x - jgO = 0. 

4. n If If IT are 2, 4, and 8, 

= r» - 14a^ + 56a: - 64 = 0. 

5. If tf If If are 2, — 3, 6, and — 6, 

= a:* + 2a:» - 35x« - 36a: + 180 = 0. 

6. <y tf whose roots are 2, — 2, 5, and 1, 

= X* — 6a:» + 5a:* + 24x - 20 = 0. 

7. n I* whose roots are 3, 4, 5, and 6, 

= X* - ISx* + 119x* - 342x + 360. 

8. " » whose roots are 12, — 1, — 3, and 4, 

= X* - 12x» - 13x'' + 144x + 144 = 0. 

9. ti // whose roots are 1, — 1, 2, 3, and 6, 

= X* - lOx* + SOx' - 20x2 - 31x + 30 = 0. 

10. n tf whose roots are 3, 7, — 4, — 6, and 1, 

= aJ^ __ a;* _ 55a:3 + 25x* + 634x - 504 = 0. 

11. " '/ whose roots are 2, 3, 2 -|- V — 8> and 
2-V-3, . . . =x*-9x" + 33x*-69x + 42 = 0. 

12. Form the equation whose roots are 3 + V— 2, 3-^—2, 5, 
and 7, . . . = x* - ISx^ + 118x* - 342x + 385 = 0. 

13. Change the, equation x* — 6x* + 21x — 30 = 0, into 
another wanting the second term, . . = y' — 9y — 4 = 0. 

14. Change the equation x* + 12x* — 72x + 36 = 0, into 
another wanting the second term, . = y* — 120y -J- 452 = 0. 
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15. Change the equation a;* — 12x' — ISz' + Uix -f 204 s=i 0, 
into another wanting the second term, ■ I , . • 

= y* - 67/ - 15% + 276 = 0. 

16. Change the equation a:*— 10a:*4-30j;'— 20ar*-31ar + 30^ 0, 
into another wanting the second term, = y* — lOy' -f 9y = 0. 

17. Change the equation a:* + 6x^— 2\x + 30 = 0, into another 
wanting the second term, . . . = y* — 33y + 88 = O. 

18. Given the equation a:* - 5a:'* - 2x + 24 = 0, to find the 
equation whose roots are the douhle of the roots of the givea 
equation; and also the equation whose roots shall be half the 
roots of the given equation, 

__ ( y» - lO^r* - 8y -f 192 ;±: O, 

~ land 8/ - 20/ - 4y + 24 = 0. 

19. Given the equation a:* + ar' — 32ar^ + 12a: + 144 = ; write 
the equations whose roots are respectively double, and one-half the 
roots of the given equation, 

_ ( / + 2/ - 128/ + 96y + 2304 = 0, 

"" land 16y* + 8/ - 128/ + 24y + 144 = 0. 

20. Find the equation whose roots are three times as great as 
the roots of the equation a:* — 4a:» — 7a^ + 22a: + 24 = 0, 

= /- 12/ - 63/ + 694y + 1944 = 0. 

21. Find the equation whose roots are one-third part of the 
roots of the equation ar* — 4ar» — 7ar* + 22a: + 24 = 0, 

= 81/ - 108/ - 63/ -f 66y + 24 = 0. 

22. Change the equation a:* — 6a:' -J- ar* -f- 24a: — 20 = 0, into 
another whose roots shall be the reciprocals of its roots, 

• = 20/ - 24/ -/ + 6y - 1 = 0. 

23. Change the equation a:* — 4a:* — 7a:' -f- 22x + 24 = 0, into 
another whose roots shall be the reciprocals of its roots, 

= 24/ + 22/ _ 7/ - 4y -f 1 = 0. 

24. Find the equation whose roots are greater than the roots of 
the equation a:* — a:* — 69a: + 189 = 0, by 2, 

= / - 7/ - 53y + 315 = 0. 

25. Find the equation whose roots are less than the roots of the 
equation a:* H- 2a:* — 35:c' - 36a: + 180 = 0, by 1, 

= y 4. 6/ - 23y* - 96y + 112 = 0. 

26. Find the equation whose roots are less by 2 than the roots 
of the equation a:* — 18a:* -j- 119a:* - 342a: + 360 = 0, 

= / - lOj/* -t- 35/ - hOy ;!- 24 = 0. 

27. Find the equation whose roots are less by 5 than the roots 
of the equation a:* - 12a:* - IZs^ + 144a: + 144 = 0, 

= / + 8/ - 43/ - 386y - 336 = 0. 

28. Diminish the roots of x* — Qsi^ -h a:* + 24a: — 20 = 0, by a 
quantity greater than the greatest positive root, 

- / + 18/ + 109/ -h 252y -^ 160 = 0. 
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, Find tlie roots of the following niiie equations hj the method 
of divisors : — 

29. x» - 4x2 _ 27^ _^ gQ _ Q^ 

30. x» - a:* - 44a: + 84 = 0, 

31. x" - lOx* + 31a: - 30 = 0, 

32. x» - 9x* - lOz + 168 = 0, 

33. 3* - 20x* + Ilia: - 180 = 0, 

34. x* - 18a:* + 16j + 34 = 0, 

35. x" — \W - 17ar 4- 195 = 0, 
86. a:* - 79x + 210 = 0, . 

37. a:» + 15a:* + 2x - 312 = 0, 

38. The equation x* + 7a:* + 9a:* — 27x — 64 = 0, has three 
equal roots ; find all its roots. 

The three equal roots are each = — 3, and the other root 

= +2. 

39. The equation x* — 4a:" — 13ar^ + 28a: + 60 = 0, has two 
equal roots ; find all its roots. 

Tlie two equal roots are each = — 2, and the other roots 
are = 3 and 5. 

40. The equation s^ — 19a:* + il4j:" — 238a:* + 205x — 63 = 0, 
has three equal roots ; find all its roots. 

The three equal roots are each = 1, and the other roots 
are = 7 and 9. 

41. The equation a:*- 12x* + 39a:* + 44x* — 432x + 676 = 0, 
has three equal roots ; find all its roots. 

The three equal roots are each = 4, and the other roots 
are = 3 and — 3. 

42. Find a root of the equation a:* — 7a:* — 45x + 96 = 0, 

= 1-7694192. 

43- Prove by Sturm's Theorem that the .equation ar*— 7a:*— 45ar 
^- 96 = 0, given in last exercise, has other two real roots, one 
between 10 and 11, and the other between — 5 and — 6 ; and find 
these roots, . . . . = 10-4316089, and — 6-2010281. 

44. Prove that the equation a:* + 2a:* — 61a:* + 44ar + 252 = 0, 
has two positive and two negative roots ; analyse it by Sturm's 
Theorem, and find its four roots. 

The roots are 3-8284272, 4-3246554, 

- 1-8284272, and - 8-3246564. 
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45. Find one positire and one negative root of the equation 
a;* + Sa:" -f Ix^ + 28a; — 100 = ; and prove by Sudan's or 
Sturm's Theorems that the other two roots are imaginary. 

X = 1-7897628, and - 4-2305476. 

46. Prove by Sudan's Theorem that the roots of the equation 
a:* + 2a:* — 39a:* -f 80x — 45 = 0, are all real ; and find the four 
roots. 

The roots are 1*1097722, 1*381966, 

3*618034, and - 8*1097722. 

47. Prove by Sudan's Theorem that the equation a:*4- 6a:*— 4a:* 
-{- 7a; — 9 = 0, has two imaginary roots, and find its two teal 
roots. 

The real roots are -950065, and — 6*7833089. 

48. Find the four roots of the equation a:* — 80a:» + 19983:* 

- 14937a? + 6000 = 0. 

The roots are 32*060291, 12*756442, *350987, and 34*832280. 

49. Find the four roots of the equation a:* + 312a:" + 28337a.'* 

- 14874a: + 2360 = 0. 

The roots are -316664473, - 126*316664473, -316665178, 
and - 186-316665178. 

50. Find the negative root of the equation .x" — 32a:" + 72x* 

- 185a; + 360 = 0, which lies between 6 and 7, and prove that 
the equation has two imaginary roots. 

The root sought is = 6*88855 nearly. 



CONTINUED FRACTIONS. 

339 

1. Eeduce ^jr to a continued fraction, and find the approximate 

convergent fractions. 

Quotients = 2, 1, 3, 1, 2, 2, 3. 

' , 1 1 4 5 14 33 ^113 
Convergents = -, -, ~, ~, -, -, and --. 

743 ^^ 

2. Keduce — — - to a continued fraction, and find the approximate 

oil 

convergent fractions. 

Quotients = 1, 4, 1, 1, 1, 2, 3, 1, 3. 

^ ^ 5 6 11 17 45 152 197 ^ 743 
Convergents = -, -, -, -, -, --, --, and — . 
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3. Beduce ir^ to a continued fraction, and find the approzimate 

965 
conyergent fractions. 

Quotients = 2, 1, 2, 1, 87. 

n - . 113 4 ,351 

Coilyergents =-_,_,_, and —. 

4. Beduce ^r^ to a continued fraction, and find the approximate 

convergent fractions. 

Quotients = 3, 22, 1, 4, 2. 

1 22 23 114 ^ 251 
Conyergents = g, ^, -, ^, and — . 

1769 

5. Beduce ^-^ to a continued fraction, and find the approxi- 
mate convergent fractions. 

Quotients = 3, 7, 1, 2, 4, 6, 1, 2. 

1 7 8 23 100 623 623 ^ 1769 
Convergents = 3, ^, ^, -, ^, j^, j^, and ^^. 

907 

6. Beduce ■,-^-. to a continued fraction, and find the approxi- 

1o5d4 

mate convergent fractions. 

Quotients = 20, 2, 7, 5, 2, 1, 3. 

1 2 15 77 169 246 , 907 



Convergents = -r, — , — -, — — , ^—^, ■——, and 



20' 41' 307' 1676' 3459' 6035' 18564* 

KQ'T 

7. Beduce -^j^ to a continued fraction, and find the approxi- 
mate convergent fractions. 

Quotients = 3, 3, 4, 2, 3, 1, 1, 2. 

1 3 13 29 100 129 229 ^ 587 
Convergents = -, ^, -, -, -j, — , --, and j^. 

1947 

8. Beduce —-r to a continued fraction, and find the approxi- 
mate convergent fractions. 

Quotients = 1, 1, 2, 1, 1, 1, 3, 2, 1, 1, 2, 3. 

p 1 1 3 4 7 11 40 91 131 222 675 

L-onvergents - ^, ^, ^, ^, ^^, — , ^^, ^^^, — , — , — , 

^ 1947 

and . 

3359 
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13957 

9. Beduce . to a continued fraction, and find the approxi- 
mate convergent fractions. 

Quotients = 4, 3, 1, 4, 1, 2, 1, 11, 2, 6. 

1 ^ ^ 19 23 JS5^ 88 1033 2154 
Convergents - ^, ^^, ^^, g^, ^g, ^^^, g^^, ^^^^, ^^^^, 

^ 13957 

and . 

59476 

10. Find the successive converging fractions of the moon's 
sidereal period, which is 27*3216612 days. 

Quotients of ^^^ = 3, 9, 5, 2, 1, 1, 1, 16, 1, 11, 1, 8. 

, 1 9 46 101 147 248 395 6568 ' 
Convergents = -, -, — , — , j^-, — , j^^g' 364l9' ^'- 

and adding 27 days to each, give the approximate lunar 
period in days 

__82 765 3907 8579 12486 ^ 
*" 3' 28' 143' 314' 457 ' ' 

that is, the moon revolves 3 times in 82 days nearly; 
28 times in 765 days, more nearly; 143 times in 3907, still 
more nearly ; and so on. The third and fourth fractions 

differ by of a day, and hence each of them differs 

from the true period by a fraction of a day less than . .-,■, . 

449UJ 

11. Find the successive converging fractions which express the 
approximate ratio of the years of Mercury and the earth, the 
year of Mercury being 87969255 days, and that of the earth 
365-256884 days. 

Quotients = 4, 6, 1, 1, 2, 1, 5, 131, 1, 12, 1, 6> 10. 

^ .__ 1 6 7 13 33 46 263 3^499 

convergents--, -, -, -, — , — , j^, jj^^is' 

34762 . 
-, &c. 



144335' 



12. Find the successive converging fractions which express the 
approximate ratio of the years of Venus and the earth, the year of 
Venus being 224*700817 days, and that of the earth 365*256384 
days. 

Quotients = 1, 1, 1, 1, 2, 29, 2, 27, 1, 1, 2, 2, 4, 7, 8, 1, 3. 

1 1 2 3 ^ 235 478 13141 13619 
. ^o^^ergents - ^, -, g, ^, ^^, ^^^, ^^^, ^^gg^, 22138' 

26760 

43499' ^^' 
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13. Find the converging fractions of the V^- 
The continued fraction = 2 — - 1 

4 - &c. 
_ , 7 26 97 362 1351 „ 

14. Find the converging fractions to the js/5. 
The continued fraction = 2 + 7 1 

'^ i + J + &c. 

^ , 9 38 161 682 2889 , 

Convergents =__,____,&,, 

15. Find the converging fractions to the Vl^* 

The continued fractions* + ^^ _i_ _L. _L- 

T+ 2T' ^ 

„ ■ ^ 4 9 13 48 61 170 1421 3012 „ 
Conyergents = j, ^, -j, ^, ^, -g^-, -^, -^, &c 

16. Find the converging fractions to the V31. 

The continued fraction = 5 + ^ ^ ^ ^ ^i- 

1+ 1+ 10 +'**=• 

-, ^ 5 6 11 89 206 657 863 1520 16063 . 

Convergents = j, -, -, -, —, — , ^, ^^, ^^, &c. 

17. Find the converging fractions to the j^io. 

The continued fraction = 6 + ~ — - — 

^ 1+ 2+ 2+ 2 + 

TT12V'*'' 

^ , 6 7 20 47 114 161 20496 , 

Convergents = j, -, -, -, — , _, _-, &c. 

18. Find the converging fractions to the V28. 

The contmued fraction = 6 + -^ —, &c. 

^3+ 2 + 3-f 10+' 

^ ^ 6 16 37 127 1307 „ 

Convergents = -, -, _, _, -^, &c. 
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INDETERMINATE EQUATIONS. 

1. Divide 142 into two such parts that one part may he diyisihle 
by 9, and the other hy 14. 

Here 9x + 14y = 142 ; 

.'. X = 8, andy = 6 ; 
.'. the parts required are 9a: = 72, and 14y = 70. 

2. Find the least integral values of x and y that fulfil the 
conditions of the equation 19a: — 117y = 11, . a: = 56, y = 9. 

3. Find all the integral values of x and y that the equation 
13x -f 14y = 200 admits of; .... x = 10,y = 6. 

4. Find all the integral values of x and y that Ailfil the 
conditions of the equation 7a: — 13y = 6, . . a: = 12, y = 6. 

6. Find a numher between 100 and 200, which, when divided 
by 12, leaves a remainder of 10 ; and when divided by 15, leaves 
a remainder of 4. 

Equation 12a: + 10 = 15y + 4 ; number = 164. 

6. A boy has between 100 and 400 marbles, and finds that when 
he counts them by 13's, there are 9 over ; and when he counts them 
by 17*8, there are 14 over : liow many had he ? 

Equation 13x + 9 = 17y + 14 ; number = 269. 

7. Find the integral values of x and y in the equation 9a: + Idy 
= 2000; 

X = 216, 202, 189, 176, 163, 150, 137, 124, &c.> , 

y= 6, 14, 23, 32, 41, 60, 69, 68, &c.M^ '°^^*^^°'- 

8. Find the integral values of x and y, and the number of 
solutions in the equation 11a: + 13y = 290 ; 

a: = 24 or 11,) ^ , 

y= 2 or 13.) O'^y *^o solutions. 

9. Find two integers such that if the first be multiplied by 17, 
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INDETERMINATE EQUATIONS. 121 

and the second by 26, the first product shall be greater than the 
second by 7. 

The equation is 17:z: = 26y + 7 ; and the numbers sought are 

~ «' «/v' «« r &c., number of solutions infinite, 
y = 3, 20, 37,) ' 

10. Diyide 1591 into two such parts, that one may be divisible 
by 23, and the other by 34. 

Here 23x + 34y = 1691 ; 

.*. a: = 47 or 13, y = 15 or 38. 
The parts sought are 1081 and 510, or 299 and 1292. 

11. Find two fractions having 7 and 11 for denominators, whose 
sum is equal to ^. 

Here I + 1^ = ^, or 1 la: + 7y = 43 ; 

.•.a: = 2,y = 3, 
and the fractions are ^ and -^. 

12. Find three fractions having prime numbers for their 
denominators, and whose sum shall be ff{, . . = -^ s^ ^ 

13. A x>erson buys 124 head of cattle — namely, pigs, sheep, and 
lambs— for £400. The pigs cost £4, 10s. a head; the sheep, 
£3, 3s. 4d. ; and the lambs, £1) 58. ; how many did he buy of each 
kind? 

Here 4J. + SJy + IJ. = 400, . fj^J^'eSIf 

x+ y+ «=124; ' ' Y "" T «7 .1' 

* ' ( « = 8, 24, 40. 

14. Find three integers such that if the first be multiplied 
by 5, the second by 13, and the tliird by 18, the sum of the 
products shall be 997; but if the first be multiplied by 11, the 
second by 20, and the third by 37, the sum of the products shall 
be 1866. 

Here 5x + 13y + ISz = 997, j^ Zlq 

liar + 20y + 372: = 1866 ; •'' |^ " f^' 

. 15. Find the number of integral solutions of the equation 
Bx + 7i/-{- 17z = 100. 

Since z cannot be less than one, and must be an integer, 
take z = 1, 2, 3, &c., and we have the following equations 
in X and y. 
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122 EXERCISES IN ALGEBRA. 

Sx 4- 7y = 83, in which x = 23, 16, 9, 2, y = 2, 5, 8, 11 ; 
3a: 4- 7y = 66, n x = 16, 8, 1, y = 3, 6, 9 ; 
3x + 7y = 49, « a: = 14, 7, y = 1, 4 ; 

3ar -h 7y = 32, «» x = 6, y = 2 ; 

3x 4- 7y = 16, no solution : 
.'.the total number of solutions is 

= 4 + 3 + 2 + 1 = 10. 

16. Divide 30 into three such parts, that if the first be multi- 
plied by 7, the second by 19, and the third by 38, the sum of 
the products shall be 746. 

Here 7x + 19y + 38« = 746, 

a: + y + 2 = 30 ; 
.«. X = 6, y = 11, and 2 = 13. 




THE END. 



Edinburgh : 
Printed by W. and R. Chambers. 
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pisallantiOfttS iMbluatiKrns 

CONTINUED. 

Chambers's CyclopsBdia of English literature. 

A Critical and Biographical History of English Writers in all departments of 
Literature; Ulustrated by specimens of their Writings. 

Two Volumes, 14*. doth. v 

Chambers's People's Editions. 

A series of Original, Translated, and Selected Works, printed in double columns, 
8vo, and, from their cheapness, adapted for the use of the less opulent classes of 
the conmiimity. 

Chambers's ITew and Improved Atlas for the People. 

EDITED BY W. AND B. CHAMBERS? 

Publishing in Monthly Numbers, each containing Three Maps and a sheet of 
Letter-press, in a printed -wrapper. The Work will be completed in Twelve 
Numbers. Price of each Number, U, 2d. 

. Chambers's Atlas for the People. 

First Iklition. 

Consisting of Thirty-four quarto Maps, coloured in outline, illuBtrative of Modem 

and Ancient Geography. Price 12/. 6d. cloth. 

Tales for Travellers. 

SELBCTED FROM CHAMBER8*8 PAPERS FOR THE PEOPLE. 

In Two Volnmes, cloth, illustrated with Frontispieces, price 2t. 6d, each. 
Selections from Chambers's Bepository and Miscellany. 

TALES for BOAD and RAIL. 5 vols, 
SELECT POETRY. 1 vol. 
HISTORY and ADVENTURE. 2 vols. 
TRAVELS and SKETCHES of SCENERY. 1 vol. 
ENTERTAINING BIOGRAPHY. 8 vols. 
Each volume complete in itself, price 2t, cloth, or 2f. 6(f. extra cloth gilt. 

Commercial Tables; 
Consisting of Reckoning, Interest, Annuity, Money, Weights, Measures, and 
other Tables ; and forming a convenient Manual for the Warehouse and Counting* 
room. Price 3s. strongly half-bound. 

Things as They are in America; 

Being the Narrative of a Tour in British America and the United States. 
By William Chambers. Price 6t. post 8vo, cloth lettered. 

Improved Dwelling-Hoiises for the Humbler and other Classes 
in Cities. 

Based on the Scottish Dwelling-House System. With Plans. By W. Chambers. 
Price 1#. 6d. 

Works of Bobi 
In seven post 8vo volumes, embellished 

Cookery and Bomestio 

In One Volume, neatly 
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